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On the functional equation f(p(z)) = g(¢(2)),
where p and ¢ are “generalized” polynomials
and f and g are meromorphic functions

S. A. Lysenko

Abstract. We find all the solutions of the equation f(p(z)) = g(g(z)), where p
and g are polynomials and f and g are transcendental meromorphic functions in C.
In fact, a more general algebraic problem is solved.

Introduction

0.1. Motivation. This paper (like [3]) arose as an extension of the following result
due to Flatto [1].
Let p, ¢ € C[z] be polynomials of the same degree. Let

fop=gog, (1)

where f and g are non-constant entire functions in C. Then one of the following
two properties holds:

(i) p(2) = Mg(2) + a, where X, a € C;

(i) p(z) =r(2)? +a, g(z) = br(2)? + cr(2) + d, where r(z) is a polynomial and
a,b,c,d € C with b# 0.

Flatto raised the question ([4], Question 5) of whether an analogue of his theorem
exists in case degp # deggq. The same question arises in the case when f and g are
not entire, but meromorphic functions (in C or only in a deleted neighbourhood of
infinity). Partial results in connection with Flatto’s problem were obtained in [11],
(2], {12] and [3] (a survey of most of these results can be found in [2]). The aim
of this paper is to describe all the pairs p, g for which there exist non-constant
meromorphic functions f, g that satisfy equation (1) and such that there do not
exist rational f, g with this property (in fact a more general problem is solved;
see §0.2 and § 1).

Equation (1) is also related to the following interesting problem: describe the
equivalence relations R on C such that

1) R as a subset of C? is the union of a sequence of algebraic curves, and
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2) there exists a non-constant meromorphic function in C that is constant on
the equivalence classes of R.

Such an equivalence relation can be considered as a generalization of the discrete
group of biholomorphic automorphisms of C. (A discrete group I' defines an equiv-
alence relation z ~ w if z = y(w) for some < € T; this equivalence relation satisfies
properties 1) and 2).)

Assume that the pair p, g gives a solution of equation (1) (with meromorphic f, g).
Then it corresponds to an equivalence relation R, 4.

Let

Ry ={(2,u) € C|p(z) =p(w)},  Ry={(z,u) € C*|q(z) = qu)}.

We define R, , as the equivalence relation generated by R, and R,. The properties 1)
and 2) hold for it. In some sense R,, ; arises from the action of the group I generated
by z — hp(z) := p~1(p(2)) and z — he(2) := ¢71(g(2)). We notice that h, and
hg are holomorphic only in a neighbourhood of infinity, so that I" is the group of
germs of holomorphic maps (C, o0) = (C, 00).

0.2. Statement of the problem. Let (X, 00x)and (Y, coy) be compact Riemann
surfaces with marked points coxy € X and coy € Y. We shall frequently write oo
instead of cox, coy. Let p: (X, 00) = (Y, 00) be a holomorphic map. We shall call
it a generalized polynomial if p~1({o0}) = {o0}.

We shall study equation (1) in the case when p : (X,00x) — (Y,00y) and
g:(X,00x) = (Z,00z) are generalized polynomials and f and g are meromorphic
functions in deleted neighbourhoods of coy and ooz, respectively. A meromorphic
function on a compact Riemann surface W will be called a rational function on W
(this agrees with the terminology used in algebraic geometry.) The problem is to
find all the pairs p, ¢ for which there exist non-constant f, g satisfying (1) and for
which there do not exist rational f, g with this property. In fact a more general
algebraic problem, formulated in §1, will be solved.

0.3. Main result. There are several standard solutions of equation (1).
Example 1. Let p(z) = 2", ¢(z) = (z +1)™, where n, m, lem(n,m) € {2,3,4,6}.

Then there exist non-constant functions f, g, meromorphic in C and satisfying (1),
and there do not exist rational f, g with this property.

Remark 1. Every diagram of generalized polynomials

(X, 00) (Z,00)
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such that ged{degp,degqg) = 1 can be completed to a diagram of generalized
polynomials
(W’ 00) E— (Z7 m)
m

l‘h 1‘1
(Xa 00) ’T') (Y1 00)

in which degp; = degp, degq: = deggq, and this is unique up to a canonical
isomorphism. In fact W = Wy, where Wy is the normalization (desingularization)
of the analytic curve X xy Z = {(2,z) € Z x X | q(z) = p(z)}. (If degp and
deg g are relatively prime, then Wy has only one point over coy, and thus Wy is
connected. Hence Wy —+ X and Wy — Y are generalized polynomials.) We notice
that if X, Y, Z are of genus 0, then, as a rule, W is of non-zero genus.

Example 2. Let p, ¢ be the pair of polynomials from Example 1, degp = n,
degq = m. Let h: (Y,00) = (CP',00), r:(Z,00) = (CP!,00) be generalized
polynomials, degh = o, degr = 3. Let ged{e,n) = ged(8,m) = ged(a, 8) = 1.
Using Remark 1, we obtain a commutative diagram of generalized polynomials

w2, oz %, z

[ L
v, 5 cpt 2 cpt

"
vy — 4 cmt

in which degr; =degr; =3, degh; =deghs =, degp; =n, deggy =m.

Let s : (X,00) = (W,00) be an arbitrary generalized polynomial. We set
p=pLorpo8, ¢q = q ohyos. Then the pair p, q gives a solution of our
problem.

All solutions are obtained in this way. (For example, in case degp = degq this
means that h, hq, he and r, r1, ry are isomorphisms, so that in fact p = po s and
g=gos.)

0.4. The structure of the paper. In §1 we replace the original problem by a
more general algebraic problem, which is what we actually solve, and we formulate
the corresponding results. We define irreducible pairs of generalized polynomials
and divide the results into two parts. In 33 we reduce the problem to the study
of irreducible pairs. In §4 we proceed to the proper study of irreducible pairs and
also formulate the fundamental group-theoretic lemma that plays a central role in
the proof of the main result. This lemma is proved in § 5.

0.5. Conventions. All Riemann surfaces are assumed to be connected. We recall
that the following three notions are equivalent: a compact Riemann surface, a
smooth connected projective algebraic curve over C, a finitely generated field over C
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of transcendence degree 1. We identify a point of a curve and the corresponding
valuation of the field of rational functions on this curve.

0.6. Thanks. I express my deep appreciation to V. G. Drinfel’d for useful advice
and his constant interest in this work.

§ 1. Statement of results

We denote by J the group of (all) germs of conformal maps (CP*, oc) = (CP!, o).

Definition. Let I be a subgroup of 3. We will say that I' is discrete if there exists
a non-constant function F, meromorphic in a deleted neighbourhood of infinity
in C, such that F(g{z)) = F(z) for all g € T.

A necessary condition for a group I' to be discrete was obtained in [3] using
the results of local holomorphic dynamics {13]. This condition will be a funda-
mental method for proving our theorems. For g € C((2)) we write ordeo g = n if
9= genarz®, a,#0. We set

Jk={g9€T|ordeo(g(z)—2) 21—k}, k<1

Then 3 231 D Jp2>J-1 D...,and J; is a normal subgroup of 3. f ' C Jis a
subgroup, then we will write 'y =T'NJ, £ < 1.

Theorem 1 [3]. Let ' C J be a discrete subgroup. Then:
1) at most one of the quotient groups Ty /Tx_1 (k < 1) is not trivial;
2) for allk <1 the group 'y [Tk_1 C Ty /Ir—1 = (C, +) is a discrete subgroup of C.

Definition. A subgroup I' C 7 is said to be formally discrete if T' satisfies
conditions 1} and 2) of Theorem 1.

Remark 1. The quotient group I'/T"; is not considered in Theorem 1.

Remark 2. Let T' C J be a subgroup. If ' is not soluble, then its orbits are dense
in domains with infinity on the boundary (see [14]). Therefore if T' is discrete,
it is soluble. If T'; is soluble, then it is Abelian (see [3], p. 68, Proposition 2.1).
This proves part 1) of Theorem 1. In order to prove part 2) we use the following
fact from local dynamics. Let g € J3;. If g is not embeddable in a flow, then the
centralizer of g in J; is isomorphic to Z, and if it is embeddable in a flow, then it
coincides with the corresponding flow (see [13], p. 26, Theorem 3, as well as p. 23,
Theorem 1).

Let X be a Riemann surface and oo a point of X. We denote by J(X, co) the
group of germs of conformal maps (X, 00) =+ (X, 00). The choice of local parameter
at the point oo € X enables us to identify J(X,00) and J. Let Y be another
Riemann surface and assume that f holomorphically maps a deleted neighbourhood
of infinity in X into Y. Then we define a group Ty = {g € J(X,0) | fog = f}.

We consider a pair of compact Riemann surfaces X, Y with marked points
oo € X, oo €Y. We recall that a generalized polynomial is a holomorphic map
p: (X,00) = (Y,0) such that p~1({oo}) = {oc}. It is easy to verify that if p is a
generalized polynomial, then T}, is a cyclic group of order degp.
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We consider the following diagram of generalized polynomials:

(Y, o0) (Z,00)

Let f and g be non-constant meromorphic functions in deleted neighbourhoods
of infinity in Y and Z, respectively. We assume that

fop=goq (3)

Then T, and T, generate a discrete subgroup of J(X, c0). Conversely, if T, and T,
generate a discrete group, then there are functions f and g as above for which (3)
holds.

In fact in this paper we find all the pairs of generalized polynomials p and g for
which T, and T, generate an infinite formally discrete group.

Remark 3. We denote by J the group of all formal diffeomorphisms (CP*, c0) —
(CP',00), that is, I = {z = a1z +ao +a_1z7' + -+ | a; € C,a1 # 0} with
composition as the operation. The subgroups J; C J are defined just like the
Jr C 3. We have I C J. If ' C J is a subgroup such that I' ¢ J, then one can no
longer say that the group I is discrete, but one can talk about formal discreteness.
In this sense formal discreteness is an algebraic property of I'.

Everywhere we shall denote by M(X) the field of meromorphic functions on the
Riemann surface X.

Let p : (X,00) — (Y,00) be a generalized polynomial. Then M(Y) C M(X).
Let F be an intermediate field, that is, M(Y) C F C M(X), and let W be a model
for it, that is, a compact Riemann surface such that F' is isomorphic to M(W)
over C. We obtain a commutative diagram

p
X >Y
AL
w

We set cow = p1(cox). Then p; : (X, 00) = (W, 00) and ps : (W, 00) = (Y, 00)
will be generalized polynomials.

The following theorem can be considered as a description of the rational solutions
of the functional equation (3).
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Theorem 2. Assume that diagram (2) is given. Then there are two alternatives.
1) There ezists a commutative diagram of generalized polynomials, unique up to
isomorphism,

(X, 00)
p f q
yui \ q
g
\j
(W, o)

such that deg f = ged(degp,degq), degg = (degp:)(degqi). Here the groups T,
and T, generate the group Tyop, M(Y)NM(Z) = M(W), M(V) is the compositum
of the fields M(Y') and M(2).

2) T, and T, generate an infinite non- Abelian subgroup of J(X, 00); in this case
MY)NM(Z)=C.

The following theorems describe the pairs of generalized polynomials p, ¢ for
which T, and T, generate an infinite formally discrete subgroup of J(X, co).

Proposition 1. Assume that diagram (2) is given. Then among the fields F such
that M(Z2) C F C M(X) and FNM(Y) # C, there is a smallest by inclusion. We
denote it by F, .

Remark 4. From the geometric point of view this means that there exists a
commutative diagram of generalized polynomials

X 25 X Lo 2
! l
Y —— Yy,

such that g2 o ¢ = ¢, and the following universal property holds. For every
commutative diagram of generalized polynomials

X Sy x 2,z
L
Y — Y’

such that h o g = g, there exists a unique holomorphic map f: X' = X, , with the
property fog=q.
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Definition. The pair p, ¢ in diagram (2) is said to be irreducible if F,, ; = F, , =
M(X).

Remark 5. Assume that the pair p, g in diagram (2) is irreducible and that degp,
degg > 1. Then M(Y)NM(Z) =C.

Example. We set X = CP', p(z) = 2™, q(2) = (¢ +1)™, where n, m are natural
numbers. Then the pair p, g is irreducible.

For each pair of generalized polynomials (2} one can canonically construct an
irreducible pair in the following way. We set F = F, ,NF,,, F; = M(Y)NF,
F, =M(Z)N F. We denote the compositum of F}, ; and F;; , by K. We obtain the
diagram of fields

MX) O K D Fyp D M(2)

u U u

Fby D F D> R
U u
MY) > F

It corresponds to the following commutative diagram of generalized polynomials:

X —s Vv 2yx, 2 2z

lrz l |

Xpg — W —1 W, (5)

[T
Yy o ow

We call diagram (5) the canonical diagram.

It follows from the definition of F,, (see Proposition 1) that the compositum
of the fields F and M(Y') is equal to F,,. Analogously, Fg, is the compositum of
the fields F' and M(Z). Tt follows from Theorem 2 that degh = degh, = deghs,
degr = degri = degry, degp:s = degp, degq: = degq, ged(degh,degp) =
ged(degr, deg §) = ged(deg b, degr) = 1.

Proposition 2. The pair p, q is irreducible.

Proposition 3. Assume that a disgram (2) is given such that M(Y)NM(Z) =C.
Let p, q be the corresponding irreducible pair of generalized polynomials. Then the
following conditions are equivalent:

(i) Tp and T, generate a discrete subgroup of J(X, 00);

(ii) Ty and Ty generate a discrete subgroup of J(W, 00).

This assertion remains valid if “discrete” is replaced by “formally discrete”.
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Theorem 3. We consider a diagram (2) such that the pair p, q is irreducible and
degp, degg > 1. Assume that T, and T generate a formally discrete group.
Then there erists a commutative diagram

l l !

(CP!, 00) +2— (CP!,00) —2— (CP!,00)

in which the vertical arrows are isomorphisms and the pair p;, ¢ is the following
standard pair of polynomials: py(2) = z®, ¢1(2) = (2+1)™, where n,m,lcm(n,m) €
{2,3,4,6}.

Conversely, the pair p1, q, is irreducible, T, and Ty, generate a discrete subgroup

of 3, C(p1)NC(q) =C.

Our main result, stated in the Introduction, follows from Theorems 1-3 and
Propositions 1-3.

§ 2. Algebraic technique

Let X be a compact Riemann surface and oo a point of X. The valuation of the
field M(X) that corresponds to the point oo will be denoted by the same symbol co.
We denote by M{(X ). the completion of M(X) at co. Let p: (X,00) = (¥, 00) be
a generalized polynomial. The restriction of co to M(Y") is denoted by the same
symbol. It is known that M(X) is a cyclic Galois extension of degree degp of
the field M(Y ). To each g € J(X, 00) we assign the automorphism of M(X ),
defined by the formula (9f)(z) = f(g~'z), f € M(X)c. Thus we have obtained
an embedding of J(X,o0) into the automorphism group of the topological field
M(X)o over C. This embedding also induces an isomorphism between T, and
Gal(M(X)oo/M(Y)oo). In what follows we shall identify these two groups.

Lemma 1. Let X and Y be compact Riemann surfaces, f: X = Y a holomorphic
n-sheeted cover. Let g: W — Y be the smallest Galois cover that passes through X:

W-——"—> X

Y

Let f~Y(yo) = {z1,...,2k} C X for yo € Y. We assume that the multiplicity of f
at x; is equal to l;, and g{wp) = yo for wo € W.
Then the multiplicity of g at wg is equal to lem(ly, ..., [;).

The following explicit construction of W is useful in the proof. Let A C Y be the
set of critical values of f. Weset Y' =Y \ 4, X' = X\ f~'(4). We denote by Z’
the set of pairs (y,¢), where y € Y’ and ¢: f~1(y) — {1,...,n} is a bijection.
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We denote by g the map from Z' to Y’ that maps (y,¢) to y. A complex structure
is introduced on Z' in a natural way. The group S, acts on Z' by biholomorphic
transformations, and this action is transitive on the fibres of g. Let Z be a smooth
compactification of Z’ and W the connected component of Z. Then g: W - Y
will be the desired Galois cover.

The rest of the proof is omitted.

Corollary. Let p: (X,00) = (Y,00) be a generalized polynomial, let K be a finite
Galois extension of M(X) such that K is not ramified over oo € X. Let L be the
smallest Galois extension of M(Y) that contains K.

Then L is also unramified over oo € X.

We consider the diagram (2) of generalized polynomials. We fix an algebraic
closure M(X). We construct a tower of fields k', ki* C M(X), m > 0, in the
following way. We set k° = M(X). Let k"‘ be the smallest Galois extension
of M(Y) that contains k{;“l, and k7' the smallest Galois extension of M(Z) that
contains k7~!. By induction we check that k* D k*~* and k7* D ki*~!. We set
E =, k"‘ = Un k7" Then E C M(X) is a subﬁeld that contains M(X) and

is normal over both M(Y) and M(Z). It is clear that E C M(X) is the smallest
subfield with this property.

Lemma 2. For every m > 0 the fields k7' and k" are unramified over co € X.
Therefore E is unramified over oo € X.

Proof. Apply the preceding corollary.

We fix a place oo’ of E over co € X. The choice of oo’ gives an embedding
E 3 M(X)eo = Eoor over M(X). Since F is normal over M(X), the image of E
in M(X) does not depend on the choice of oo’.

We set Gp = Gal(E/M(Y)), G, = Gal(E/M(Z2)), U = Gal(E/M(X)).

We denote by G the subgroup of Aut E generated by G, and G,. It is well
known that for every valuation w of M(X) (trivial on C) the action of U on the set
of places of E over w is transitive.

We denote the set of places of E over co by S. The groups G, and G, act on S,
and therefore GG also acts on S. The action of U on S is free, since E is unramified
over 0o, and transitive, as explained above.

It is known that the assignment of 0 € Gal{M(X)o/M(Y)wo) to its restriction
to E C Eoy = M(X)eo defines an isomorphism

Ty = Gal(M(X)oo/M(Y)o0) 3{g € Gy | goo’ = 00'}.
Analogously we have an isomorphism:
Ty = Gal(M(X) oo /M(Z)s) {9 € G4 | goo' = 0'}.

Let I' be the subgroup of Aut M(X),, generated by T, and T,.
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Lemma 3. 1) For every g € Gy (respectively, g € G,) there ezist unique h € T,
(respectively, h € T,) and 0 € U such that g = ho.
2) Restriction to E defines an isomorphism

I'3{g€G|goo =o0'}.
3) For every g € G there exist uniqgue h € T’ and o € U such that g = ho.

Proof. Assertion 1) follows from the facts that S is identified with G, /T, or G4/T,
and that the action of U on S is free and transitive.

We shall prove assertions 2) and 3). We have a homomorphism f: T — {g € G |
goo' = oo'}. It is injective, so that E is dense in M(X ). It follows from 1) that
for any g € G there exist h € I" and ¢ € U such that g = f(h)o. Such h and o are
unique since the action of U on S is free. If goo' = o', then ¢ = 1, so that f is
surjective.

‘Remark 1. We shall consider T, T, and I" as subgroups of G. At the same time,
I’ can be considered as the subgroup-of J(X,00) generated by T, and Tj. In view
of Lemma 3 we have a bijection G/U « I'. The group U acts on G/U by left
translations, and hence U acts on the set I, without preserving the group structure "
on I'. This action plays a decisive role in this paper and has the following analytic
meaning. The elements of I' .can be considered as germs of algebraic functions at
oo € X. Analytic continuation along closed paths defines the monodromy action
of H on I, where H is the inverse limit of the groups m1(X \ S,00), S C X\ {00},
#S < oo. There is a canonical homomorphism f: H — U with a dense image,
and the monodromy action of H on I' arises from the action of U on I'. Thus, the
action of U on I' is an algebraic version of the monodromy action used in §4 of [3].

Remark 2. We notice that E is a field of transcendence degree 1 over C, and, in
general, E is not generated over C by a finite number of elements. At the same time
there exists a finite subset A C E such that every subfield E' of E that contains
A and is invariant under Autc E coincides with E. (Let A be the set of generators
of M(X) over C. Then E is generated by {J,.r gA over C.) Fields with such
properties were studied in [5].

We now consider the following abstract situation. Let G'be an abstract group and
let U and T be subgroups of G. Let G =T'-U, 'NU =1 (then UT = (T'U)"! = G).
We obtain a bijection I' & G/U. The group G acts on G JU by left translation and
therefore G acts on I'.

Lemma 4. Let A and B be subsets of I
1) If A is invariant under the action of U, then A~! is also invariant.
2) A is invariant & UAC AU & AU CUA© UA= AU.
3) If A end B are invariant, then AB is also invariant. .

Proof. 1t is clear that A is invariant <> UA C AU and A} is invariant < UA™! C
A~U < AU c UA. Therefore, in order to prove 1) and 2) it suffices to show
that if UA C AU, then AU CUA. Leta € A, o € U. Then aoc = ¢'a’ for some
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o' € U,a’ € T. We claim that o’ € A: o' = (¢')"lac € UAU C AUU = AU. Thus,
a € AUNT = A

In order to prove 3) we notice that if UA C AU and UB C BU, then UAB C
AUB C ABU.

Lemma 5. Let A C T be a subgroup. Then the following conditions are equivalent:
1) UA is a subgroup;
2) AU is a subgroup;
3) A is invariant under the action of U.

Proof. Conditions 1) and 2) are equivalent, because AU = (UA)~!. 1) means
that UAUA C UA and (UA)~! C UA. Each of these inclusions is equivalent to
AU C UA, that is, it is equivalent to condition 3).

In § 5 we shall need the following description. Let Ay,..., 4, B1,...... ,ByCT
be U-invariant subsets.

Definition. A relation of the form
Ay ... Ay =B;...B, (6)
is a k + n-tuple
(ai,...,8k,b1,...,b,) € Ay X -+ X Ap x By X -+ x By,

such that a;...ax = by ...by,.

We define an action of U on the set of relations of the form (6) in the following
way. Let 0 € U and let (ai,...,ax,b1,...,b,) be a relation of the form (6). There
are unique aj € 4, and gy € U such that 0a; = ajo;. There are unique a), € A,
and o2 € U such that o1a2 = a302, and so on. We obtain a} € A,,...,a} € Ay
and 0i,...,0x € U such that oa, ...ax = @] ...ajox. In an analogous way, we find
by € By,...,b, € B, and 7,,...,0, € U such that oby ... b, = b} ...b},&,. Since
aj...ar = by...b,, we have aj...a,0; = b}...b,&,, from which we find that
aj...a; =by...b;,. Thus (a},...,a,b},...,b) is a relation of the form (6). By
definition, o maps the set (a1,...,ax, by, ..., b,) into the set (af,...,a},b},...,b.).
This is in fact an action, since for any ¢ < k, j < n the product a ...a} is the
result of the action of s on ay...a; € T' = G/U and b} ...b} is the result of the
action of o on b ... b;.

§3. The canonical diagram

We need the following simple generalization of Artin’s theorem from Galois
theory.

Lemma 6. Let K be a Galoss extension of a field F, U = Gal(K/F). Let G be a
subgroup of Aut K such that G DU and [G: U] =n. We setk = K¢. Then K is
a Galois extension of k, [F :k]=n;, Gal(K/k)=G.

The proof of this is a word-for-word repetition of the argument given in [6],
Chapter 7, Theorem 2.
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Proof of Theorem 2. Diagram (4), in which deg f = gcd(degp,degq), degg =
(deg p; }(deg ¢1), is unique if it exists, because M(W) =M(Y' )NM(Z) and M(V) is the
compositum of the fields M(Y') and M(Z). In fact, degp, = deg p/ ged(deg p, degq)
and deggq; = degq/ gcd(degp,degq) are relatively prime. Therefore M(V) is the
compositum of the fields M(Y") and M(Z). Since [M(Y) : M(W)] = deg g/ degp: =
degq: and [M(Z) : M(W)] = degp: are relatively prime, we have M(W) =
MY)NM(Z).

In the rest of the proof we use the notation of § 2. If I" is infinite then it is not
Abelian (if T, and T, commute, then I' is finite}. Obviously, M(Y)NM(Z) = C in
this case.

If T is finite, then Iy is trivial, since J; is torsion-free. Therefore I' = I'/T; is
cyclic of order d = lem(degp,degq). By Lemma 3 [G : U] = d. We set F = EC.
Using Lemma 6, we will obtain [M(X) : F] = d. It is clear that M(Y)NM(Z) = F.
Let W denote a model of the field F. We have a diagram

X
p q
Y r Z )
Po \ ( /]
W

We set ooy = r(oox). Passing to completions, we will find

MX)oe O M(2)
U U
MY D Fy

Since degr = d, we have [M(X)oo : Fo] € d. But [M(X)oo : M(Y)oo] and
[M(X)oo : M(Z)oo) divide [M(X )0 : Foo). Hence, d divides [M(X)oo : Foo)]. There-
fore d = [M(X)eo : Fool, that is, r: (X, 00) = (W, 00) is a generalized polynomial,
and pp and go are also generalized polynomials. Moreover, T, and T, generate a
subgroup in T, of order d, that is, they generate T;.
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We notice that degpo = lem(degp,degq)/degp and deggo = lcm(degp,
degq)/ degq are relatively prime. Applying Remark 1 from the Introduction to
the diagram (Y, 00) — (W, 00) + (Z,o0), we obtain a commutative diagram

(V,00)
hn /)1
(¥, 00) g (Z,00) ®)
Po Y ‘IO/
(W, 00)

in which V' is the normalization of Y xw Z, degp: = degqo, deggq: = degpo.
It follows from the definition of ¥ xw Z that the diagrams (7) and (8) can be
embedded in a diagram of the form (4).

Remark. On X there are two equivalence relations:

Ry = {(21,%2) € X x X | p(z1) = p(x2) },
Ry = {(z1,22) € X x X | q(z1) = q(z2) }.

We let R denote the equivalence relation that they generate. If I is finite, then it is
easy to show that R is an algebraic curve on X x X. The essential part of the proof
of Theorem 2 is the construction of the Riemann surface X/R. This was done using
Lemma 6 (in actuality we constructed the field M(X/R)). The Riemann surface
X/R can also be constructed directly, using the results of Grauert [7]. In addition,
it is possible to construct the algebraic curve X/R in the framework of algebraic
geometry using Theorem 4.1 from p. 262 of [8].

Corollary. Letp;: (X,00) = (Y;,00) be generalized polynomials, ¢ € {1,2,3}. We
have a diagram of fields

M) ¢ M(X) D> M(Y3)
u
M(Yz)

Let M(Y;) " M(Y;) # C for any i, j. Then M(Y1) N M(Y2) N M(Y3) # C.
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Proof. By Theorem 2 the elements of Ty, and T, commute, and we have a diagram
_ of generalized polynomials

X

n D2

Y r Y

\4

w

such that M(W) = M(¥;) N M(Y2), Tp, and T,, generate T,. The elements
of T, and T,, commute. Applying Theorem 2 to the pair r, p; we will obtain
M(Y1) N M(Y2) N M(Y3) #C.

Proposition 1 now follows immediately from this corollary.
We consider a commutative diagram of generalized polynomials

h
X >y
’R /
zZ
Th, is a subgroup of Th,. The right factor hy of the map h, is recovered from
the group T}, as follows: M(Y) = M(X)nM(X )2“ . Thus, some subgroups of T},
(not necessarily all subgroups) correspond to right factors of h;.
We return to diagram (2). In §1 the intermediate field M(Z) C F,, C M(X)

was introduced. The following theorem indicates the subgroup of T corresponding
to this field. There exists a commutative diagram of generalized polynomials

X X5 x,, £ 2z

L
Yy —— Yq‘,,,

such that gooq = ¢q, M(X,p) = Fyp, M(Yyp) = Fop NM(Y). We set Hy, =
{0 €Ty| 0 =07 forall r € Tp,}.
Theorem 4. Ty, = Hy,.

We need two lemmas to prove this theorem.
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Lemma 7. Let H C J be a finite subgroup. Then H is cyclic.

Proof. Since J; is torsion-free, we have H N J; = 1. Therefore, H ~ H/H; —
/3, =~ C*. A finite subgroup of C* is cyclic.

We use the constructions and notation of §2.

Lemma 8. Let L C T be a subset that is invariant under the action of U, that is,
uLU = LU for allue U. We set

Ny={o€T,| Lo =L}
Then Np is a subgroup of T, that is invariant under the action of U.

Remark. The subgroups T, and T, of T are invariant under U.

Proof. It is clear that Ny is a subgroup of T,. In correspondence with Lemma 4 it
remains to prove that UNy C N U.

Leto € N, v € U, yo = o'y, where o' € T, v' €U. We will show that Lo’ = L.
Using Lemma 4, we have LU C UL, and thus LUN;, C ULN, c UL C LU.
Therefore Lo’ = Lyo(y')™* € LU. On the other hand, Lo’ C I and I'N LU L,
and hence Lo’ C L. Since o is of finite order, we have Lo’ = L.

Proof of Theorem 4. We set L = T,T,. By part 3) of Lemma 4, L is U-invariant. By
Lemma 8 we obtain a subgroup Ny, ( = N) of T, that is invariant under the action
of U. By Lemma 5, NU will be a subgroup of G, [NU : U] = #N. In addition,
M(Z) c ENYV c M(X), [M(X): ENV] = #N. This means that N corresponds to
a right factor of q. Obv10usly, Hq,,, C N. We will show that H,, = N. We have
TpN C T,Tp. Let 70 = o'7', where 7,7 € Ty, 0 € N, o' € Ty. Then

T Tpo' = T,Tpo(r') ™' = T, Tp(v') 7! = T, Tp.

Thus, o' € N. We have shown that T,N C NT,, and hence, NT, is a subgroup
of I'. By Lemma 7 NT, is Abelian. Therefore N C H, .

We have proved that H, , corresponds to a right factor of g. Using Theorem 2,
it is easy to see that Hgy,, corresponds to Fy p.

By definition, the pair p, ¢-in (2) is irreducible if Fy, = Fp 4 = M(X). By
Theorem 4 this is equivalent to the property Hyp , = Hyp = 1.

Example. We consider the pair of polynomials p(z) = z", ¢(z) = (z + 1)™. We
have T, = {z+— ez |e" =1}, Ty = {2z~ dz+ (6 —1) | 6™ = 1}. Now it is easy to
verify that H, ; = H, , = 1, that is, the pair p, ¢ is irreducible.

Lemma 9. We consider a diagram (2) in which M(Y)YNM(Z) # C. Let K be an
intermediate field: (M(Y)NM(Z)) C K ¢ M(Y). Let K denote the compositum
of K and M(Z). Then KNM(Y) =
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Proof. We set F = M(Y) N M(Z). The corresponding diagram of fields has the
form -

M(X) > K D M(2)

U U u

MY) D K > F
By Theorem 2 [M(Y) : F] and [M(Z) : F) are relatively prime. Therefore [K : F]
and [M(Z) : F] are also relatively prime, and hence, (K : K] = [M(Z) : F]. From
this it follows that [M(Y) : K] and [K : K] are relatively prime, from which we
obtain K = K N M(Y).

Proof of Proposition 2. This follows immediately from Lemma 9.

Proof of Proposition 3. The assertion is non-trivial in the case of formal discrete-
ness. Using Theorem 2, it suffices to prove the following result.

Lemma 10. We consider a diagram of generalized polynomials

X

Z w

Let T be the group generated by T, and T,, and let I'' be the group generated by
Tpor and Tgor. T is formally discrete if and only if I is formally discrete.

PTOOf. We set j(X,Y,OO) = {(gX,gY) | gx € j(X,OO), gy € j(Yaw), gy or =
rogx}. Then J(X,Y,00) is a subgroup of J(X,00) x J(¥,00). We consider the
projections 7: J(X,Y,00) = J(Y,00) and j: I(X,Y,00) = J(X,00). It is easy
to verify that 7 is surjective, Kerm = T, and j is injective, Tpor = j(n~1(Tp)),
Tyor = j(m~1(T,)). Therefore I’ = j(x~1(T)). ‘

We choose a meromorphic function of z in a neighbourhood of co € Y with
a first-order pole at oo (so that z~! is the local coordinate at 0o). We choose an
analogous function of ¢ in a neighbourhood of co € X so that r*(z) = (", n = degr
(that is, in terms of z and ¢ the map r is written as z = (™). Then the elements
gx € 3(X,00), gy € I(Y,o0) can be written in the form

o0

gx(O)= Y a7, gv(2)= Y bez", a1 #0, b #0.

j=-1 k=-1
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Further, the relation gy o r = r o gx acquires the form

( > ajC_j> =Y b,
j=-1 k=-1

that is,

o0
3 ;¢ = by + bl + b )
j=—1
Now it is clear that the subgroup I' C J(Y, 00) is formally discrete if and only if
j(x~1(I)) is formally discrete.

This proves Lemma 10, and also Proposition 3.
§ 4. Irreducible pairs of generalized polynomials

Theorem 5. We consider a diagram (2) in which the pair p, q is irreducible and
degp > 1, deggq > 1. We denote by I' the group generated by T, and T,. Assume
that T'y is Abelian. We set n = degp, m = degq, p(z) = 2", q(2) = (z + 1)™;
7,G € Clz). Let T be the group generated by Ty and Tj.

Then there ezists an isomorphism w: TS3T such that ol : To=T5, i1,
T, 5Ty and o|r, : Ty 3T are also isomorphisms. Moreover, T is formally discrete
if and only if T is formally discrete.

For the proof we shall need the following fact. Let k be a natural number. We
denote by g%.,, the time-t transformation for the flow of the holomorphic vector
field z5+1 L This is a germ of a conformal map (C,0) — (C,0). The set of germs
G(k) = {Aglus: | A € C*,t € C} forms a group under composition. We abbreviate
Agtiss to (A,t). Then the multiplication table for G(k) has the following form:

(A1) x (4, 8) = O, tp* +5). (9)

The subgroup C(k) = {A € C | A\* = 1} is the centre of G(k). We set G4(k) =
{Agtsss € G(K) | A = 1}. Then Gq(k) is a subgroup of G(k). It is easy to verify
that if h € G (k) is an element of finite order, then h € C(k).

Theorem A ([9], Theorem 2.2, p. 66). A finitely generated non-Abelian soluble
group of germs of conformal maps (C,0) — (C,0) is formally equivalent to a finitely
generated subgroup of G(k) for some k.

Proof of Theorem 5. We set d = lem(n,m). We choose a local parameter z
at oo € X and identify J(X,o00) with the group of germs of conformal maps
(C,0) = (C,0). By Remark 5 of §1 M(Y) NnM(Z) = C. By Theorem 2 T is
non-Abelian. On the other hand T'; is Abelian and therefore I' is soluble. By
Theorem A, I is formally equivalent to a subgroup of G4(k) for some k. We have
Tp N Gi(k) C C(k), T, "Gr(k) C C(k). By Theorem 4, H,, = H,, = 1, and
therefore T, N Gi(k) = T, N Gi(k) = 1. Hence ged(n, k) = ged(m, k) = 1, and
hence ged(d,k) = 1. We define a map f: Gy(k) — Gg4(1) by the formula
Mgl — Akgl,. The condition ged(d,k) = 1 implies that f is bijective. The
multiplication table (9) shows that f is an isomorphism.
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Let h, (respectively h;) be a generator of T, (respectively Ty). Let egi‘,, Jgi’,
be the elements of G4(1) corresponding to h, and hgy; then ¢ (respectively 4) is
a primitive nth root of unity (respectively a primitive mth root of unity). Using
conjugation in G4(1) we may assume that ¢; = 0. Then ¢, # 0. We notice that
the map Agl. — Agt (c € C*) is an automorphism of G4(1). Finally the pair of
generators takes the form ¢, dgiz. It is clear that T is formally discrete if and only
if I is formally discrete.

Lemma 11. We set p(z) = 2", ¢(z) = (z+1)™, n,m > 2. Let T be the
group generated by T, and T;. The group I' is formally discrete if and only if
lem(n,m) € {2,3,4,6}.

Proof. Let € (respectively, §) be a primitive nth (respectively, mth) root of unity.
We have eI’y =Ty, 8T =T (here I'; is considered as a subgroup of C). Therefore
e2™/4T, c T, where d = lem(n,m). Hence, the discreteness of I' implies that
d € {2,3,4,6}. On the other hand, I'y C Z[e*"/9], and if d € {2,3,4,6}, then I,
is discrete and I' is formally discrete.

Corollary. Under the hypotheses of Theorem 5 the group T is formally discrete if
and only if lem(n,m) € {2,3,4,6}.

Lemma 12 (the fundamental group-theoretic lemma). We set p(2) = 2", ¢(2) =
(z+1)™, n, m > 2. Let T be the group generated by T, and Tq. Let G be an
abstract group, and let U be a subgroup of G. Assume that I' is embedded in G and
TU =G, TnNU = 1. We assume that T,U and T,U are subgroups of G. Let (n,m) €
P, U P, U P;, where P, = {(n,m) |n=m}, Po={(n,m)|n=20rm=2},
and P; consists of the pairs (3,6) and (6,3).

Then there exists a subgroup U' of U such that [U : U'] < oo and U’ is a normal
subgroup of G.

This lemma will be proved in the following section.
Remark. If lem(n,m) € {2,3,4,6} and n, m > 2, then (n,m) € P,UP,U P;.

Theorem 6. We consider a diagram (2) in which the pair p, q is irreducible and
degp > 1, deggq > 1. LetT be the group generated by T, and T,. We assume thatT',
is Abelian. We set n = degp, m = degq, p(2) = 2", g(z) = (z+1)™. If
(n,m) € PL UP, U Ps, then there ezxists a commutative diagram

(Y,0) 22— (X,0) —~— (Z,00)
(CP!, 00) +2— (CP!,00) —2— (CP,c0)
in which the vertical arrows are isomorphisms.

Proof. We use the notation of § 2. By Theorem 5 we can apply the group-theoretic
lemma to obtain a subgroup U’ of U such that [U : U’] < oo and U’ is normal in G.
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The field EV' is normal over both M(Y) and M(Z). Therefore EU' = E, that is,
U’ = 1. Thus, #U < 00, and we obtain a diagram

w

Y : Z
in which W is a compact Riemann surface, M(W) =E, r is a non-constant holomor-
phic map, p o r and ¢ o r are Galois covers. Since G C Aut W, wehave # Aut W = oo,
and hence, the genus of W is equal to zero or one. G acts on the finite set
S =r71(c0) C W. If the genus of W is one, then the group {g € Aut W | gw = w}
is finite for every point w € W. Therefore the group {g € AutW | ¢S = S}
is also finite. Thus, the genus of W is equal to zero.

We set Go = {9 € G | g(s) = sforevery s € S}. Then [G : Go] < oo, and
#Go = oco. This means that #S < 2. By Lemma 2, r is unramified over co € X.
Assume that #S = 2. By part 2) of Lemma 3 we haveI' = Gy. We may assume that
W =CP!, S={0,00}. ThenT C {g € Aut CP! | g(0) = 0, g(o0) = o0} ~ C*, and
hence T is Abelian, a contradiction. Thus, #S = 1, that is, r is an isomorphism,
and p and ¢ are Galois covers. This completes the proof.

Theorem 3 is a special case of Theorem 6.

§ 5. Proof of the fundamental group-theoretic lemma
The group-theoretic lemma was formulated in §4.

Remark. The idea of the proof is to study the action of U on the set of relations of a
certain form in I'. (This action was defined at the end of §2.) We set A = T}, \ {id},
B =T, \ {id}. We shall use relations of the form

B-A=A-B, (10)
and also of the form
A-B-A=B-A-B. (11)

Proposition 4. The fundamental group-theoretic lemma holds in the case n = m.

Proof. We set Gp =TyU, Gy =T,U, Up={0c €U | 07U = 7U for all 7 € Tp},
Ug={o €U |otU =7U for all 7 € Tg}. The group U, is the kernel of the action
of G, on G,/U. Therefore U, is normal in G, and {U : Up] < co. Since Uy is
normal in G, it suffices to prove that U, = U, (then U, will be a normal subgroup
of G).
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We set hy(2) = €2, hy(z) =ez+(¢—1). Here h, € T,,, hy € Ty, and e is a
primitive nth root of unity. We consider two cases.
Case 1: n is even.

(a) If n = 2, then U = U, = U,, and there is nothing to prove.

(b} Assume that n > 4. We consider the set of relations of the form (10). If
hfll hiz = hkx hkz then 611+12 — €k1+k2 and Eh —1= Ekl( ke _ 1)

Now it is easy to verify that the relations of the form (10) are exactly the
following:

—i+2 I+,
hhy 7 =hy R, (12)

where 2/ # 0 mod n. We notice that all the h; (s Z 0 mod %) appear in the
right-hand sides of the relations (12). We shall show that U, = U,. Assume that
o € U,;. Then o preserves each relation (12), and therefore o preserves h:, for every

i 20 mod §. Since o preserves T, and id, o preserves h;/ 2 Thus, o € U,.
Analogously, U, C U,.

Case 2: n is odd.
Since I'y is Abelian, h;'hl and h;*hS commute. This gives relations

hyhghy = hghyhe™, (13)

where [; # 0 modn, U +1l3+ 13 =0 modn. The relations of the form (11)
contain the relations (13). We shall not find all the relations of the form (11), but
we shall prove the following lemma.

Lemma 13. We assume that
hhi2hs = hEvhE2REs; 1, ki #£0 mod n. (14)
Then Iy £ ky mod n (recall that n is odd).

Derivation of Case 2 from Lemma 13. We see from the formulae (13) that for any
I, #0 modn, k #0 modn, Kk # li mod n there exists a relation of the
form (14) with given l;, k;. Let 0 € U, ohU = h:,U for some s, t. Then o
maps the set of relations of the form (14) such that hi} = h$ into the set of those
relations for which A} = h%. Therefore o maps the set {hi | i #s mod n} into
the set {h} | j £t mod n}, and hence ochjU = hiU. Thus, for ¢ € U we have
oh$U = htU & ohiU = hiU. Therefore U, = U,.

It remains to prove Lemma 13.

We set oy = hihs'. Then ay(z) = z + (¢! — 1). Let hllhi2his = hfthi2hgs;
li,k; Z#0 mod n. Then ko + k3 = [ + [3. Hence,

A T—

that is, (67" — 1) + (e2 — 1) = (ek2+ks —1) — (e** — 1). Therefore it suffices to
prove the following lemma.
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Lemma 14. Assume that n is odd, and that € is a primitive nth root of unity.
Then the equation _
EM 4 eM 4P =gt 42 (15)

has no solutions such that v,,7v:,7v3 0 mod n, where v;, u; € Z are unknown.

Proof. If 4 =0 mod n, then €M =72 =¢" =1, so that £ Z0 mod n. The idea
is to average over the action of Gal(Q(e)/Q).

We set K = J,, Q(¥/1). For every m € N we define a Q-linear functional
Trn: Q(V1) — Q by the formula

Tne) = 57 3 ho)

heH

where H = Gal(Q(¥/1)/Q).
If m' | m, then TmIQ('“\'/I) = Ty Therefore the formula T'| o(vi) = Ty gives a

well-defined @-linear functional T': K — Q.
We recall that if 4 is a primitive mth root of unity, then Trg('s)(d) = u(m),

where g is the Mobius function. Therefore T = ﬁ%. We have

(1) =1=0(2), ¢@3)=p(4)=p(6) =2,

p(m) > 2 for m #1,2,3,4,6. Therefore for odd m > 1 we have —-1/2 < Té < 1/2.
Applying T to (15), we find

N W

<24 T(H) = T(E™) + T(E™) + T(E™) < 3,

a. contradiction.
This proves Proposition 4.

Proposition 5. The fundamental group-theoretic lemma holds forn =3, m = 6.

Proof. Let w be a primitive 6th root of unity. We set hy(2) = w?z, hy(z) =
wz + (w — 1). It is easy to show that in this case there are two relations of the
form (10):
hohp = K2R3, hoh2 = hyhy. (16)
The group U acts on the set of these two relations. Therefore the set A =
{hq,h}} is U-invariant. By part 3) of Lemma 4, A- A = {h2, b, hS = id} is also
U-invariant. We let I denote the subgroup of T' generated by T, and {id, k2, h?}.
Then I" is invariant under U, and therefore G' = I'U will be a subgroup of G.
Moreover, [G : G'] = [T : I''] < co. By Proposition 4 the group-theoretic lemma
holds for G (in this case n = m = 3). We will obtain a subgroup U’ of U such
that [U : U'] < oo and U’ is normal in G'. Now (\ ¢/ 9U'9™" will be the desired

subgroup of U.
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Proposition 6. The fundamental group-theoretic lemma holds for n = 2 and
arbitrary m.

Proof. Let 0 € T,, o # 1. Then the group U preserves o, so that ¢T,0 is
U-invariant. We let I'" denote the subgroup of I" generated by T, and 0T,o. Then
G' =T'U is a subgroup of G, and [G : G'] = [I' : '] < co. By Proposition 4 the
group-theoretic lemma holds for G', and the desired subgroup of U is constructed
as in Proposition 5.
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