MY NOTES OF EMBRYO GL SEMINAR

1. COMMUTATIVE FACTORIZATION ALGEBRAS

1.0.1. Let X/k be a separated scheme of finite type. Fix one of our 4 sheaf theories. If
the sheaf theory is D-modules then assume X proper, otherwise it is arbitary.

For p : X — Speck we have the adjoint pair p : Shv(X) & Vect : p'. The functor
p' i (Vect,®) — (Shv(X),®") is symmetric monoidal, hence yields a functor p gt
CAlg™(Vect) — CAlg™(Shv(X)). This functor preseves limits, both categories are
presentable, 5o pl 4; , admits a left adjoint denoted C¥act(X o). This will be our functor

of factorization homology.
However, C¥*°t(X, o) will not commute with oblv : C'Alg™*(Vect) — Vect, oblv :
CAlg™(Shv(X)) — Shv(X). The following diagram does commute

free

Shv(X) ‘= CAlg"™(Shv(X))
¥ L clet(X.0)
Vet 8 cal g™ (Vect)

For V € Vect, free(V) = ®4-0Sym?(V), where Sym?(V) is as in ([11], 3.0.40),
similarly for free : Shv(X) — CAlg"™ (Shv(X)).

1.0.2. Ezample (recheck). Let G be a simply-connected semisimple group. It is known
that the reduced cohomology C:,(B(G),e) = Sym(a) := @450 Sym?(a) for some a €
Vect, the cohomologically graded vector space of Chern classes. Assume X is a proper
curve. The Atyah-Bott formula says that

C:4(Bung, ) = CFY (X, p'C: 4 (B(G), €)) = Sym(a ® C+(X,wx))
The map in one direction is defined as follows. We define a map
CgaCt (Xv p!C}d(B(G)v 6)) — C{ﬂd(BunGv 6),

equivalently, a map of nonunital commutative algebras p'C:,(B(G), e) — p'C.,(Bung, €)
in Shv(X). Namely, the diagram

X xBung - X x B(G)
N\ b la
X

gives a map ¢« — ¢««Y* = hyy*, which gives ¢.(e) — h.e.
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1.0.3. Assume X connected. Then CF2*( X, w) = e canonically as a commutative alge-
bra in Vect. This follows from Example 2 below and ([4], 1.6.5) giving C.(Rany,w) =k
canonically (here X is not necessarily complete).

Now if A € CAlg™(Shv(X)) is actully unital then the map w — A provides a map
CYaet (X, w) — CY** (X, A), which is a unit of this algebra in Vect.

1.0.4. How to construct C¥**(X,e)? Consider an example of X a finite set. In this
case the functor p!c Alg is the diagonal map

H CAlg™ (Vect) «— C Alg™"(Vect)

reX
Assume for a moment we are in the unital setting. Then its left adjoint sends { By }zex
to ®gex By (in the nonunital setting this is not the left adjoint).

Remark 1.0.5. Let A be a stable symmetric monoidal category. A unital augmented
commutative algebra in A is an object A € C Alg(A) together with a morphism A — 1
in CAlg(A).

1) One has the equivalence CAlg(A), — CAlg™(A). Namely, if A — 1 is an aug-
mented commutative algebra in A then 1 is a retract of A, so that we have canonically
A= 1@ a for somea € A. This a = Fib(A — 1) is naturally a non-unital commutative
algebra. Conversely, if a € CAlg"™(A) then 1® a € CAlg(A),, naturally.

2) A finite coproduct in C'Alg"™ (A) is given as follows. Given B, for x € X, where X
s a finite set, one has

(the desired copoduct) & e— & (e ® By)
zeX

in CAlg(A),. So, the desired copoduct) = & ( ® By), the sum over non empty

X'CX zeX’
subsets of X.
The coproduct in C' Alg™"(Vect) is given by the above remark.

1.0.6. Assume X proper. Then Ranxy — Speck is pseudo-proper. So, for F €
Shv(Ranx),

: . : (x T (AT
C.(Ranx, F)— Ig(;klglggp C.(X', (A")F)

Here fSet is the category of finite nonempty sets and surjections. Indeed, in Shv(Ranx)
F= colim (al),(ah)'F
I€fSetor

The map u : Ranyx x Ranxy — Rany is pseudo-proper. Indeed, for a finite nonempty
set I one has

(RanX X RanX) Xu,Ranx XI’_\; COlim(Il,IQ)EfSCtOpXfSetDp ()(I1 X XIQ) XR&HX X],
and (XT1P2) xpan, X1 — X1 is described in ([3], 8.1.2). So, Shv(Rany) is monoidal

with the convolution monoidal structure given by u;. We denote
F1 *FQ = U[(Fl X Fg)

for F; € Shv(Rany). Write C Alg™"*(Shv(Ranx)) for the category of non-unital com-
mutative algebras for the x-monoidal structure.
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Definition 1.0.7. Let C Alg"**(Ranyx) C CAlg™*(Shv(Rany)) be the full subcate-

gory of A € C Alg™*(Shv(Rany)) for which the corresponding map AR A — u'A re-
stricted to (Ranx x Rany)q becomes an isomorphism. (Since u is etale over (Ranx x Rany)q,
this is unambiguous).

1.0.8. For A: X — Ranyx the functor A': Shv(Ranx) — Shv(X) is non-unital symmet-
ric monoidal, so gives a functor CAlg™*(Shv(Rany)) — CAlg"™'(Shv(X)). Here !
means that we use the symmetric monoidal category (Shv(X), ®').

Theorem 1.0.9. The restriction of the above functor
CAlgF*t(Rany) — CAlg"™ (Shv(X))
1 an equivalence.

(This theorem is found in [7]). The inverse functor is denoted A — Fact(A).
The desired functor CXat(X, @) will be C:(Rany, Fact(e)).

1.0.10. Ezample 1. Let A = Sym(M) for some M € Shv(X), where Sym is under-
stood in the non-unital sense for (Shv(X),®'). Then Fact(A) = Sym*(A, M), where
Sym* denotes the non-unital symmetric algebra in the non-unital symmetric monoidal
category (Shv(Ranx), ).

Explicitely, Sym*(A; M) = ®gs0Sym*?¥(A; M), where Sym*%(A; M) is the Sy-
coinvariants in (A,)(M®"). Here A,: X™ — Rany is the natural map.

Recall that this means %tj(léirr)l(An)g(M wn)y,
1.0.11. Ezample 2. Note that w € CAlg"*(Shv(Ranx)) naturally and it is a factor-
ization algebra. Besides, A' w = w on X, so Fact(w) = w by Theorem 1.0.9.

1.0.12. Recall that for C' € 1 — Cat one has Tw(C) € 1 — Cat, see ([12], 1.0.1). For
J € fSet let A7: X7 — Rany be the natural map. Now for A € CAlg"*(Shv(X))
one has
Fact(A4) = colim (A7), A®?
(I3 J)eTw(fSet)
taken in Shv(Rany). Here for (¢ : [ — J) € Tw(fSet) we set A®? = &J(A@’Ij), where
j€
A®1i is the tensor power in (Shv(X),®").
For a morphism in Tw(fSet)

T4y
(1) - ?
r4 o

the transition map

(2) (a7 A% — (a7"), 4%

is obtained applying A;] " to the following map. For the closed immersion A'/7): X7 —
X" one has

(3) AU (R ALY S ) A®E
jled’ jeJ
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Now (2) over X7’ is the composition
a7 (& (A1) sa " (R (A%5) - ® A%
i jed ' jeJ j'eJd’
where the first map is the exterior product over j € J of the products in the algebra
A along maps I; — Ij’., and the second one comes from (3). A rigorous definition as a
functor Tw(fSet) — Shv(Ran) follows from the explanation of Justin below.

1.0.13. We have an adjoint pair [ : fSet = Tw(fSet) : r, where [(I) = (I — %) and
r(I — J) = 1. Here [ is fully faithful.

Let now € € 1— Cat be cocomplete say and e : fSet — € be a functor. Let LK E(e) :
Tw(fSet) — C be the LKE of e along [. Then LKE(e) = eor by ([11], 2.2.39).
So, e : fSet — C identifies with the LKE of LK FE(e) along r : Tw(fSet) — fSet.
For this reason, colimpy,(fger)(e © 7) = colimyse e. Now fSet has a final object *, so
colimyfger e = e(x).

1.0.14. For I € fSet let A; = (A7) Fact(A). For I = % we get A7 — A canonically.
Indeed, applying A' for A: X — Rany, we get
A' Fact(A) = colim AT
(I3 J)eTw(fSet)
where for a morphism (1) in Tw(fSet) the transition map is the product A% — A®T'

along I — I'. By the previous subsection, the above colimit identifies with A.

1.0.15. If I, J € fSet then

X! x X7 colim XK
Ranx I Ked

naturally. More precisely, inside the colimit is over (fSet;; X rser fSet /). In partic-
ular, Shv(XT XRany X7) = Ico}l{imj Shv(XK) with respect to !-extensions, and for any
F € Shv(XT) we have
A'AT FTS colim ABAK B
’ I-K«J °
Here AW/K): XK 5 X7,
Proposition 1.0.16. For I € fSet the object Ar identifies with

colim AF (A%?),
I-J 3K

where the colimit is over Tw(fSet) X yset fSety.

Proof. Consider the category €, whose objects are diagrams (I — K < K & ) in
fSet, and a morphism from 1 to 2 is given by a diagram in fSet

I - K| « K, a J1
N T 1) \
RQ — K2 g Jg
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From the description of X% Xgan <X I we get

(4) A colim  aMaF (4% colim oM E/EN 40
(TS K)ETw(fSet) (I=KeK&T)et

Write ¢ for the composition .J % K — K for an object of &. Then AK/K)! A®¢ = @9
Let 7o : €y C & be the full subcategory given by the property that K — K is an
isomorphism. We think of &g as the category classifying diagrams (I — K < .J), where
(K + J) € Tw(fSet) and I — K is a surjection of finite sets. We write & s if we need
to express the dependence on 1.
Let Iy : € — &g be the functor sending (I — K < K < J) to (I — K < J). Then
ro is left adjoint to ly. So, ly is cofinal. Therefore, (4) identifies with

colim A !(I/K) A®P

(I—=K&D)ee,

in Shv(XT). Let F : €9 — Shv(XT) be the functor whose colimit is the latter expession.
Consider now the category € = Tw(fSet) X rset (fSet) /. We will write €; if we need
to express the dependence on I. This is the category of diagrams (K < J < I) in fSet

with (K < J) € Tw(fSet). We have the functor ¢ : € — &( sending (K gy I) to
I K&,

We claim that the natural map colimeJ o ¢ — colimg, J is an isomorphism in
Shv(XT). Is the map ¢ cofinal? Let  := (I 3 K a J) € &. We need to check

that the category € x¢, (€0),, is contractible. An object of the latter category is a
diagram

K& o &

L T

K & J

such that v1¢17 = a. A morphism from the above object to another object

K, & J, &1

(5) 2 T

K & J

(satisfying vo¢eme = @) is a commutative diagram

such that the vertical compositions are the corresponding maps from (5).



6 MY NOTES OF EMBRYO GL SEMINAR

If K is a 1-element set then € x¢, (€p),, has an initial object given by the diagram

* — TUJ 1

1 T

I

For general K, € x¢g, (€0),, will be a product of categories over the set K. Namely,
denote for k € K by Iy, Ji the corresponding fibres, so that ny := (I — {k} + Ji) €
€o,1,- For each k € K we have the category

elk XSO,Ik (EOJk)nk/»

and their product identifies with € x¢, (€o),/. Thus, C x¢, (€o),, is contractible, and
q is cofinal. O

The formula from Proposition 1.0.16 has appeared for commutative factorization
categories (instead of algebras) in ([8], 8.1.6).

1.0.17. For I of order 2 we get A; %A U (AKX A) for A: X — X2, where the map

A[A®!2
A®'2 5 A s the product in the algebra.

1.1. 2nd seminar.

1.1.1. We assume X a separated scheme of finite type. In the case of D-modules we
assume X proper. For pra, : Ranx — Spec k the functor p!Ram : Vect — (Shu(Rany), %)
is right-lax non-unital symmetric monoidal, and the diagram (of right-lax non-unital
symmetric monoidal functors) commutes

(Sho(X),®") & (Shu(Rany),=*)

N P T Phan
Vect

here p'y, A' are symmetric monoidal). So, the diagram commutes
pX y 9 g

CAlg™ (Sho(X)) &  CAlgm*(Shv(Rany))
N Py T Phan
CAlg™(Vect)
So, we have for the corresponding left adjoint functors between the categories of nonuni-
tal commutative algebras (pRan)!CAlg o A!CAlg S CFCt(X ).
The key is that the functor (pran) : (Shv(Ran),x) — Vect is nonunital symmetric
monoidal! So, (pRan)!CAlg is just the usual direct image (pran)-

Theorem 1.1.2. The functor A': CAlg™*(Shv(Rany)) — C Alg™ (Shv(X)) admits
a fully faithful left adjoint, whose essential image is precisely C Alg¥*(Rany).

Proof. The categories CAlg™*(Shv(Rany)), CAlg™'(Shv(X)) are presentable by
(HA, 3.2.3.5), and A' preserves limits and commutes with oblv, so its left adjoint
CAl9 oxists. By Lemma 1.1.3 below, A!CAlg is fully faithful.
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By the proof of Lemma 1.1.3 below, C Alg™*'(Shv(X)) is generated under geometric
realizations by free algebras. So, to check that A!CAlg takes values in C Alg¥™*(Rany),
it suffices to show that for any K € Shv(X), A7 (Sym(K)) lies in C' AlgFt(Rany),
where by Sym we mean the left adjoint to oblv : CAlg™™ (Shv(X)) — Shv(X). In-
deed, oblv : CAlg"*(Shv(Ranyx)) — Shv(Ranx) preserves sifted colimits, so that
CAlgFt(Rany) C CAlg™*(Shv(Rany)) is stable under sifted colimits.

We know that A!CAlg (Sym(K)) = Sym*(Ay K) for K € Shv(X) by Section 1.0.10
of this file. One checks by hands that this object has the factorization property:

We have for n > 0,

(6) ’LL! Symm*(A! K) |(RanX x Ranx)q - & Syms’*(A! K) X Symn_SV*(A! K)
0<s<n

Indeed, if for a point S — X" given by (z) we are given (z;), (y;) € (Rany x Ranxy)q
with (x;) U (y;) = (2x), there is a unique decomposition I; U I, = {1,...,n} such that
our point is a product of two points S — X1, § — X2 giving a point of (X't x X2),,
which produces our point of (Rany X Ranx)y. The group S, acts transitively on such
decompositions, and the stabilizor of a decompostion is S(I1) x S(I2), the product of
symmetric groups. If | I; |= s this gives the contribution

Syms’*(Ag K) X Symn—s,*(A! K)
Now the RHS of (6) over (Ranx x Rany), identifies with n-th graded component of
Sym*(Ay K) X Sym*(A) K).
It remains to show that A!CAlg: CAlg™' (Shv(X)) — CAlg™t(Rany) generates

C AlgFa*(Rany) under geometric realizations. The idea is to use ([10], Pp. 4.7.3.14).
We check first that

(7) AL CAlgFt(Rany ) — CAlg™ (Shv(X))

is conservative. The latter fact follows from the factorization property, because we
know it over X.

Indeed, let f : A; — Ay be a map in C Alg™*(Rany) with A' f an isomorphism. We
want to show that the l-restriction of f under X! — Ranx is an isomorphism. It suffices
to show that for any quotient set I — J the !-restriction of f under X El] — X! - Rany
is an isomorphism, and this follows from the factorization property. Here X ;17 c X7 is
the complement to all the diagonals.

To finish, note that (7) preserves sifted colimits, because

C’AlgFaCt(RanX) C CAlg™*(Shv(Rany))
is stable under sifted colimits. Thus, ([10], 4.7.3.14) applies. O

Lemma 1.1.3. Supposel : C' = D :r is an adjoint pair in DGCateony with l fully faith-
ful. Suppose that C, D € C'Alg™ (DGCateont), and r is nonunital symmetric monoidal,
so 1 is left-lax nonunital symmetric monoidal. The functor r¢A9 . CAlg"™ (D) —
C Alg™(C) preserves limits, so admits a left adjoint 1949, as both categories are pre-
sentable. Then €AY is fully faithful.

Proof. We check that the natural map id — r¢49]€A9 is an isomorphism. My un-
derstanding is that C'Alg™"(C) is not a DG-category, just a presentable category. The
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functor oblv : CAlg"(C) — C is conservative. The essential image of its left ad-
joint free : C — CAlg™(C') generates C'Alg™(C) under colimits in the sense of ([9],
5.1.5.7), this follows from the (*) claim inside the proof of ([10], Corollary 3.2.3.3). An-
other way is to say that for any reduced operad P in the sense of ([2], ch. 1V.2, 1.1.2),
oblv : P — Alg(C) — C is monadic, so we may apply ([10], 4.7.3.14). The functor
oblv : CAlg™(C) — C preserves sifted colimits (by [11], 9.4.12).

So, it suffices to show that for any ¢ € C,

free(c) — rCAlglCAlg(free(c))

is an isomorphism. Now (4o free = freeol. Since r is nonunital symmetric monoidal,
we have for n > 0 and d € D, r(Sym"(d)) = Sym"(r(d)), because

Sym™(d) = colim d®"
ym"(d) Golim

the colimit being taken in D. So, oblv or®4 o free= oblvofree o r. The claim
follows. 0

Passing to left adjoints, we see that the diagram commutes

Shu(Ran) 5% CAlg™*(Shv(Ran))
T A T Fact

free

Shv(X) = CAlg™'(Shv(X))
Here is a dual version of Lemma 1.1.3.

Lemma 1.1.4. Let C,D € CAlg™(DGCateont), let L : C — D be non-unital sym-
metric monoidal functor in DGCateont. Assume it has a fully faithful continuous right
adjoint R : D — C, so R is non-unital right-lax symmertic monoidal. Let

L : ComCoAlg"™(C) — ComCoAlg"™ (D)

be the functor induced by L. Then L admits a right adjoint R. (Is this R fully faithful???
Not clear!!)

Proof. First, by ([11], 9.2.66), ComCoAlg™(C), ComCoAlg™ (D) are presentable. The
functor £ : CAlg"™(C°P) — CAlg"™ (D) preserves limits. So, £ admits a right
adjoint R. Is it true that LR — id is an isomorphism?

First, oblv : ComCoAlg™(C) — C preserves colimits, so has a right adjoint cofree :
C — ComCoAlg"™(C).

Passing to the right adjoints in oblv L = £ oblv, we get cofree o R— R o cofree.
It is plausible that the essential image of cofree : C' — ComCoAlg™ (C) generates
ComCoAlg™(C) under colimits, but I don’t see a proof! O

1.2. Justin’s explanation.
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1.2.1. Let FF : ¢ = D : G be an adjoint pair in DGCatcyy:, where both C,D €
CAlg™ (DGCateont), and G is nonunital symmetric monoidal. So, F' is left-lax nonuni-
tal symmetric monoidal. We want to ”force” in some universal way F' to be strictly
nonuinital symmetric monoidal.

Recall that fSet is the category of finite nonempty sets and surjections. View fSet
as nonunital symmetric monoidal with respect to the disjoint union. Note that pt €
CAlg™(fSet), the product is the map pt Ll pt — pt. It has the following universal
property: for any nonunital symmetric monoidal category €, one has a commutative
diagram

Fun®(fSet,€) = CAlg"(C)

(8) \L / oblv
C,

where the vertical arrow is the evaluation at pt € fSet.

Indeed, recall the oo-operad Surj, which is a subcategory of Fin, with the same
objects and where we keep the morphisms that are surjective. Its monoidal envelope
in the sense of ([10], 2.2.4.1) evidently identifies with fSet. Namely, to I € fSet we
associate I LI {x} € Surj. So, (8) is a particular case of ([10], 2.2.4.9).

Remark 1.2.2. What is the Fin,-monoidal envelope of Fin, ? By ([10], 2.2.4.3), it is
as follows. Let fSety be the category of finite (possibly empty) sets and any morphisms
between them. The map fSety — Act(Finy), I — I U {*} is an equivalence. By ([10],
2.2.4.4), fSety has a symmetric monoidal structure given by the disjoint union, and this

is the monoidal envelope of the co-operad Fin, i Fin,. We may think of the co-operad

Fin, iq Fin, just as the category {*} with the natural symmetric monoidal structure.
So, (110], 2.2.4.9) in this case says that for any symmetric monoidal co-category D the
restriction along {+*} — fSety yields an equivalence

Fun®(fSety, D) = C Alg(D)
Here Fun®(fSety, D) is the category of symmetric monoidal functors fSety — D.

1.2.3. For any C' € C'Alg(1 — Cat) consider the functor h : C? x C — Spc, (z,y) —
Mapq(z,y). We equip C? with the induced symmetric monoidal structure, and
similarly for C°? x (', and Spc with the cartesian symmetric monoidal structure.

Then h is right-lax symmetric monoidal: we have natural maps * i< Map-(1,1) and
Mape(z1,y1) X Mapeo(x2, y2) — Mapeo (21 ® z2,y1 ® y2) given by the tensor product of
maps.

Let b/ : X — C% x C be the cocartesian fibration in spaces attached to h. By
([14], 5.15), X is naturally symmetric monoidal and A’ is symmetric monoidal. So,
X° is also symmetric monoidal, and A/ : X°? — C x C° is symmetric monoidal.
The latter functor is a cartesian fibration attached to the functor C? x C' — Spc,
(x,y) — Mapg(z,y)? = Mape(x,y). So, XP = Tw(C).

We similarly have a nonunital version for C' € C' Alg™"(1 — Cat) giving a nonunital
symmetric monoidal structure on Tw(C).
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1.2.4. We apply this to C' = fSet, and see that Tw(fSet) is nonunital symmetric
monoidal. The projection Tw(fSet) — fSetx fSet°P is nonunital symmetric monoidal.
The tensor product of the objects f : I — J and f' : I’ — J' of fSet is the map
fufrur—JgulJ.

1.2.5. Consider the functor [ : fSet — Tw(fSet) sending I to (I — x). It is left-lax
nonunital symmetric monoidal.

Lemma 1.2.6. For any D € CAlg"™ (1 — Cat) the composition with | yields an equiv-
alence

Fun® (Tw(fSet), D) = Fun'e®(fSet, D)
Here Fun® (Tw(fSet), D) is the category of nonunital symmetric monoidal functors.

Proof. A general claim first.

Step 1 Let Surj — 1—Cat be a Surj-monoid in 1—Cat in the sense of ([10], 2.4.2.1), let A
be the value of this functor on (1). Let A® — Surj be the cocartesian fibration attached
to it, so this is an oo-operad defining the nonunital symmetric monoidal category A.
Recall the subcategory fSet C Surj, this functor sends I to I U {*}. Let A® — fSet
be obtained from A® — Surj by the base change fSet — Surj. Then A® identifies
with the Surj-monoidal envelope of the co-operad A® — Surj in the sense of ([10],
2.2.4.3). So, A® acquires a nonunital symmetric monoidal structure, and the natural
right-lax nonunital symmetric monoidal map A — A® giving rise, by ([10], 2.2.4.9), to
an equivalence

Fun® (A%, D)= Fun"'%*(A, D)

Here Funrl‘w(ﬂ, D) is what is called the category of fl®-algebras in D® over Surj in
[10], and Fun®(A®, D) is the category of nonunital symmetric monoidal functors.

An object of A® is a finite nonempty set I and a collection a; € A for i € I. A map
in A® from (I,{a;}) to (J,{b;}) is a surjection f : I — J and for each j € J a map
' f®1( ) a; — bj in A. The tensor product in the symmetric monoidal category A® of
ef= 0
(I,{a;}) and (J,{b;}) is (I U J,{a;,b;}) by ([10], 2.2.4.6). The functor i : A — A®
sends a to (x,a).

We also have a symmetric monoidal functor p : A® — A, (I,{a;}) — ®jcra;. Note
that p is left adjoint to i.

Step 2 Consider fSet? with the induced nonunital symmetric monoidal structure.
Then the Surj-monoidal envelope ((fSet)??)® of (fSet)°P is Tw(fSet)°. Indeed, by
the above, an object of ((fSet)°P)® is a collection (I,{J;}icr), where I is a finite
nonempty set, and for i € I, J; is a finite nonempty set. A map in ((fSet)?)® from
(I, {Ji}ier) to (I',{J}, }iscr) is a surjection ¢ : I — I’, and for each i’ € I a surjection
of finite sets

i€~ (i)
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We may view (I,{J;};cr) as an object 7 : J — I of fSet. The above morphism in

T/

((fSet)°P)® from (J 5 I) to (J' 5 I') becomes a commutative diagram

J oI
(9) Lo 1o
J 5T

Now the right-lax functor fSet — ((fSet)°P)® = Tw(fSet)P sends I to (I 5 %),
this is the functor {°P from Section 1.2.5. By Step 1, we get an equivalence
Fun®(Tw(fSet), D) = Fun® (Tw(fSet)°P, D°P) = Fun"'%% ( f Set’?, DP)
= Fun''®®(fSet, D)°P
The functor p : Tw(fSet)P = ((fSet)?P)® — (fSet)P sends (J = I) to J. O
Remark 1.2.7. If A, B € CAlg™(1 — Cat) then Fun® (A4, B)°? = Fun®(A°, B°?) and
Fun"'%*( A, B)°P = Fun'l%® (A% B°P).

1.2.8. Let J,€ € CAlg(1 — Cat) with € cocomplete such that the tensor product in
C preserves colimits separately in each variable, and J is small. Then Fun(J,C) has a
symmetric monoidal structure given by Day convolution ([10], 2.2.6.17).

Let F':J— J be a map in CAlg(1 — Cat), where J,J are small. We have an adjoint
pair [ : Fun(J,€) = Fun(d,€) : r, where [ is the left Kan extension along F, and
r is the composition with F. Then [ is symmetric monoidal. Indeed, for ¢ € J and
f1, f2 € Fun(J, €) we have

(i ® f)(i)= colim fi(i1) ® fa(i2)

(il,ig)EJXJ, 11 Q12—

Let f; = I(f;). Then the LKE of the composition JxJ hxfrove 8 ¢ along IxJ — JxJ
is the composition J x J flifrz exese Indeed, for (ji,j2) € d x J the value of this
LKE at (jl,jg) is

colim i1) ® fa(ig) = colim 1)) ® colim i
(’il,iQ)GjXJ,F(il)Hjl,F(iQ)*)jg fl( 1) f2( 2) (ileﬂ,F(il)ajl fl( 1)) (izej,F(’ig)%jQ f2( 2))

= fi(j1) @ f2(j2)
Now I( f1® f2) is the LKE of the composition JxJ hxfrove & C along the composition

IxJ89 L5 d. So, our claim follows from the commutativity of the diagram

Ixd B8 7
T FxF TF
Ixg & 9

and the transitivity of LKE.
More generally, for a (maybe empty) finite set S and a collection fs € Fun(J, @) for
s € 5, we have

® S ] ,_\; 1 ® S .S
(SESf )(4) e ﬁ:i%siﬁi (Z,Esf (is))
s€ g
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In particular, for S = () this gives the unit of Fun(J, €) for the Day covolution: its value

at ¢ is Mcoli(rfl') 1 taken in €. The space Map(1,4) is not necessarily contractible, so in
apg (1,2

Lurie’s notation this is Mapy(1,7) ® 1, as € is tensored over Spc. If 1 is initial in J then
the unit of Fun(J, €) for the Day convolution is the constant functor with value 1 € C.
In fact, the unit of Fun(J, C) is the LKE of = L € along * = 7.

This shows that [ sends unit to unit. Note that r is right-lax monoidal for the
Day convolution structures. The functors 7, induce a diagram of adjoint functors
1€49 . C Alg(Fun(J,C)) = CAlg(Fun(g, €)) : r4 given by composing with r and 1
respectively. This follows from remark below.

Remark 1.2.9. Let C® — O%® < D® be a diagram of cocartesian fibrations of oco-
operads. Let A® — O® be a map of co-operads. Assume given an adjoint pair L :
C® < D®: R in 1— Cat, where L, R are maps of co-operads over O®. Assume that L
is a morphism of O®-monoidal categories, that is, sends a cocartesian arrow over O®
to a cocartesian arrow over O%. Let L : Algaso(C) = Algaso(D) : R be obtained by
composing with L and R. Then (L', R') is an adjoint pair in 1 — Cat.

A special case of this has appeared as ([11], 3.0.20).

1.2.10. Now using C'Alg(Fun(J, €)) = Fun"*(J, €) given by ([10], 2.2.6.8), we get an
adjoint pair (€A : Fun™?*(J, @) & Fun"'e*(g, @) : rCAls,

1.2.11. Let Pr” be the category of presentable categories and colimit preserving func-

tors, it is equipped with the Lurie tensor product by ([10], 4.8.1.15). Consider 1 — Cat

with the cartesian symmetric monoidal structure. Then the functor 1 — Cat — Prl,

I — P(I) = Fun(I°, Spc) is symmetric monoidal (see [10], inside the proof of 4.8.1.15).
For € € Prl and I small there is an isomorphism in Pr¥

Fun(Z,C) = P(I?)® €
Indeed, one has
Fun(I, @) = Fun(I°, €)% = (Fun’ (P(I°P), €%))P = Fun®(P(1°P)P, @) = P(I?) ® C
here the last isomorphism is by ([10], 4.8.1.17). Here Fun’(P(1°?), €) C Fun(P(I°?), C)
is the full subcategory of colimit preserving functors, and
Fun®(P(1°P)°P, @°P) C Fun(P(I%)°P, C°P)
is the full subcategory of limit preserving functors.

1.2.12. The results of Section 1.2.8 have a nonunital version: in this case J,C €
CAlg™ (1 — Cat) with € cocomplete such that the tensor product preserves colimits
separately in each variable, and J is small. Then Fun(J,C) has a nonunital symmet-
ric monoidal structure given by Day convolution. Namely, apply ([10], Construction
2.2.6.7) with the base oc-operad 0% = Surj®.

Let now F' : J — J be a map in CAlg™" (1 — Cat), where J,J are small. We have the
same adjoint pair [ : Fun(J, €) = Fun(d,C) : r, where [ is the LKE along F. Then [
is nonunital symmetric monoidal, and r is right-lax nonunital symmetric monoidal for
the Day convolution structures. So, we get an adjoint pair (¢4 : C Alg™*(Fun(J, C)) =
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CAlg™(Fun(g, C)) : r“A19  here the functors are given by composing with [ and with 7.
In this case ([10], 2.2.6.8) gives C Alg™(Fun(J, C)) = Fun""**(J, €), where on the right
hand side we mean nonunital right-lax symmetric monoidal functors.

1.2.13. Assume we are in the situation of Section 1.2.1, so we have an adjoint pair
F:CS D: G in DGCateont, where €, D € CAlg™ (DGCateont), and G is nonunital
symmetric monoidal, so F' is left-lax nonunital symmetric monoidal. We get an adjoint
pair GL . . CAlg"™(C) = CAlg™ (D) : Genn, where Gep, commutes with oblv, and

enh

ngh is its left adjoint. Here ngh is not a lifting of F.

Proposition 1.2.14. In the situation of Section 1.2.13 the following diagram commutes

L
caAlgme)  “mr cAlgm(D)
| |
(10) Fun®(fSet, @) Fun"® (pt, D)
4 Foe T colim

Fun’®®(fSet, D) =  Fun®(Tw(fSet), D)
Here the low horizontal isomorphism is given by Lemma 1.2.6.

In the above proposition we used the fact that Tw(fSet) — pt is nonunital symmetric
monoidal, so we apply the result of Section 1.2.12 to this functor to conclude that
colim : Fun(Tw(fSet), D) — Fun(pt, D) is nonunital symmetric monoidal, so induces

a functor
CAlg™ (Fun(Tw(fSet), D)) — CAlg"™ (Fun(pt,D))

| I
Fun"(Tw(fSet), D)) Fun" (pt, D)

The long composition in the diagram (10) is as follows. Let ¢ € C Alg™(C). The
corresponding nonunital symmetric monoidal functor fSet — C sends I to ® ¢, and a

i€l
map ¢: 1 — Jin fSet to ® : ® ¢ = ® ¢, the tensor product along ¢.
¢ i€l jeJ
This gives a right-lax functor fSet®? — D [ — F(® c). It associates to a map

iel
7:J — Iin fSet’ as above the morphism
F®):F(® c) = F(® c)
T = icl

in DP. The corresponding nonunital symmetric monoidal functor 6 : Tw(fSet)? —
D sends (J = I) € Tw(fSet) to

® F(® ¢

i€l jGJZ'
Now given a morphism from (.J’ kat I') to (J 5 I) in Tw(fSet) given by (9), 6 sends it
to the morphism in D

® F( ® c)—>®F(® c)
vel’  jleld), el jed;

obtained as the tensor product in D over ¢/ € I’ of the morphisms

F( ® c)—> & F(® c),
J'eT;, i€l jed;
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which are the compositions

(11) Fl® ¢)=>F( ® ¢)— ® F(® ¢
j/EJZ{, ieulq J; i€l Jj€J;

Here we used surjections ¢, : J, — U
i€

I

Ji. The first map in (11) is F(®), and the
ol
second one comes from the left-lax structure on F.

Proof of Proposition 1.2.14. From Remark 1.2.9 (by passing to the opposite categories)

one derives an adjont pair £ : Fun'e®(fSet,@) = Fun'®®(fSet,D) : R, where £
and R are compositions with F' and G respectively. Note that Fun®(fSet,C) C
Fun!a®(fSet, @) is a full subcategory.

Step 1 Let d € D (resp., ¢ € €) be a nonunital commutative algebra, and oy : fSet —
D (resp., a. : fSet — €) the corresponding nonunital symmetric monoidal functor.
Then G o oy is nonunital symmetric monoidal, so

MapFun(@(fSet’e)(ac, Goay) = MapFun”aw(fSet,e)(aw Goay) = MapFunuam(fSetyD)(Foac, aq)
Write &, &g € Fun®(Tw(fSet), D) for the images of F o a. and ag respectively under
Fun'®(fSet, D) = Fun® (Tw(fSet), D)

The functor ag is the composition Tw(fSet) - fSet <% D, where r(J — I) = .J.
Let @ : fSet — D be the LKE of a. : Tw(fSet) — D under r : Tw(fSet) — fSet.
We get

Ma‘pFun® (Tw(fSet),D) (@Cv @d) - MapFun”‘“”(fSet,D) (d07 ad)
We used the fact that r is nonunital symmetric monoidal, so by Section 1.2.12 gives
rise an an adjunction

Funrlam(TUJ(fSBt)a D) = FunTlax(fSet, D),

where the left adjoint is given by the LKE, and the right adjoint is the composition
with r. Besides, Fun®(Tw(fSet), D) C Fun"*(fSet, D) is a full subcategory.
Since pt is a final object of fSet, the composition

CAlg™(€) 5 Fun®(fSet, €) ‘25" €

is oblv : CAlg"™(C) — C. By ([11], 9.2.13), Fun(fSet, C) € DGCatcons, and composi-
tions with F' and G yield an adjoint pair Fun(fSet, C) < Fun(fSet, D) in DGCatopnt.
Decompose colim : Fun(Tw(fSet), D)) — Fun(pt, D) as

colim

Fun(Tw(fSet), D)) LEE Fun(fSet,D) — Fun(pt,D),
where LK F is along Tw(fSet) = fSet.

Step 2 To finish, it suffices to show that a. : fSet — D is nonunital symmetric
monoidal. This is a combination of the fact that &, is symmetric monoidal and of
Lemma 1.2.15 below. Namely, let J; € fSet. We must show that the natural map
ae(J1) @ ae(J2) = ae(J1 U Ja) is an isomorphism. For ¢ = 1,2 we have

ac(Ji) = colim ac(l; —» K3)
(Ii—)Ki)ETw(fSet),Ii—)Ji
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in D, and

(12) ae(J1U Jo) = colim ac(I - K)
(I»K)eTw(fSet),[—JyUJ>

So,

dC(Jl) (%9 &C(JQ)’—;; colim dc(Il Uly — KU KQ)
(I K1) €Tw(fSet), 1 —J
(Ia—Ko)eTw(fSet),Iog—Jy

We used in the above the fact that a.(I; — Kj)®a.(l2s = Ko) = a.(l1Ul;, — K1UK>).
The latter colimit identifies with (12) by Lemma 1.2.15. O

Lemma 1.2.15. Let Ji, Jy € fSet. Consider the functor

€: H (Tw(fSet) X pser fSet)y,) = Tw(fSet) X pser fSet 100

i=1,2
sending (J1 «+ I — K1), (Jo « Is — K3) to
(J1|_|.]2 +— LUl —>K1|_|K2)
Here (I; — K;) € Tw(Set). Then € is cofinal.

Proof. We claim that ¢ has a left adjoint R given as follows. Let (J; U.Jy & T A K ) €
Tw(fSet) X pser fSet) g5, Set I; = a~Y(J;). For i = 1,2 consider the equivalence
relation on I; given by x ~ y iff 5(z) = 5(y). The quotient by this equivalence relation
defines a surjection 3; : I; — K;. In addition, we get a surjection K1 U Ky — K.
Consider a morphism in T'w(fSet) X tset fSet) s 14, it is given by the diagram

LU, —- K

i T
JiUJy <+ I{UI& - K’

where I; (vesp. I!) is the preimage of J;. We get natural morphisms K, — K; for
i = 1,2. Indeed, fix i € {1,2} and let ¥’,m’ € I/ be such that their images in K’
coincide. Pick k,m € I; with v;(k) = k’,~vi(m) = m’. Then the images of k,m in K
coincide, so k and m define the same element x € K;. We send k' and m/ to . The
obtained map I/ — K; factors uniquely through K/ — K;. Thus, we defined a functor

R sending (Jl (] J2 & I ﬁ) K) to the pair (Jl < Il — Kl), (J2 — IQ — KQ) Then R
is left adjoint to e. O

Remark 1.2.16. Trying to replace algebras by coalgebras in Proposition 1.2.14, one
immediately gets the following. Let F' : € S: D : G be an adjoint pair in 1 — Cat,
where €, D € CAlg™(1 — Cat), G is nonunital symmetric monoidal, so F is left-lax
nonunital symmetric monoidal. Composing with F gives Fe™" : ComCoAlg™(C) —
ComCoAlg" (D). Composing with G gives G : ComCoAlg™ (D) — ComCoAlg™(C).
Then Fe™ . ComCoAlg™ (@) <+ ComCoAlg™ (D) : G™ is an adjoint pair.

1.3. Unital version of Justin’s argument.
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1.3.1. Let us try to wotk out a unital version of Proposition 1.2.14. Assume given
an adjoint pair F' : € &= D : G in DGCateont, where €, D € CAlg(DGCateont), the
functor G is symmetric monoidal, so that F' is left-lax symmetric monoidal. The
functor Genp, : CAlg(D) — C Alg(€) preserves limits, so has a left adjont GL , | because
CAlg(D) is presentable.

Recall the equivalence C Alg(€) = Fun®(fSety, C) given by Remark 1.2.2. As in the
nonunital case, Remark 1.2.9 gives an adjoint pair

(13) £ : Fun''a®(fSety, @) = Fun'®®(fSety, D) : R,
where the functors £, R are compositions with F' and G.

1.3.2. Consider the functor [ : fSety — Tw(fSety) sending I to (I — x). This func-
tor is left-lax symmetric monoidal. Here Tw(fSety) is equipped with the symmetric
monoidal structure sending (J — I),(J' — I') to (JUJ — TUT).

Lemma 1.3.3. For any D € C Alg(1—Cat) the composition with [ yields an equivalence
Fun® (Tw(fSety), D) = Fun!!®®(fSety, D)

Proof. We apply ([10], 2.2.4.9) to the symmetric monoidal category fSetg”. We claim
that its symmetric monoidal envelope Env(fSety”) identifies with Tw(fSety)°?. In-
deed, by ([10], 2.2.46), an object of Enuv(fSety’) is a collection: I € fSety and
J; € fSety for each i € I. We simply encode this as a map J — I in fSety.

A morphism from (I, {J;}) to (I',{J},}) in Env(fSety") is a collection: a map ¢ :

I — I' in fSety, and for each i € I’ a morphism J/, — I_Il( )JZ- in fSety. This
icp—1(i
morphism is nothing but a diagram

J = I
l 1o
J —= 1

in fSety. Now the composition with [ : fS etgp — Tw(fSety)°P yields an equivalence
Fun® (Tw( fSety)’P, D°P) = Fun"'** (fSety’, DP)

]
Proposition 1.3.4. In the situation of Section 1.8.1 the diagram commutes
GL
CAlg(C) <gh CAlg(D)
| I
Fun®(f Sety, C) Fun"® (pt, D)
J Foe 1 colim

Fun”ax(fset@, D) = Fun® (Tw(fSety), D)

Proof. Step 1 Let ¢ € C,d € D be commutative algebras in € and D. Write a, :
fSety — C, ag : fSety — D for the corresponding symmetric monoidal functors.
Using (13), we get

Mapp,y@ (fety,c) (s G © a) = Mapp,ae fge4, 0y (F © e, )
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Write &, &g for the images of F' o o, and ay respedtively under

Funllax(fset(b’ D) = Fun® (Tw(fSet@% ®)

Note that oy sends I € fSety to ®d, and it send a map [ 21 to ®:d— ®d given
I ¢ I I

by the algebra structure on d.

One has ag = r o ag for r: Tw(fSety) — fSety sending (J — I) to J. We have an
adjoint pair [ : fSety = Tw(fSety) : r, and r is symmetric monoidal. Note that the
unit of Tw(fSety) is (0 — 0). Now we apply Section 1.2.10 and get an adjoint pair

Fun™® (Tw(fSety), D) & Fun"'*(fSety, D)

where the left adjoint is the LKE along r : Tw(fSety) — fSety and the right adjoint
is the restriction along r. So,

Mapg,yrios (1o (f5ety),D) (e, 70 0g) = MapFun"l”(fSet@,D)(dc’ aq),

where @, is the LKE of @, : Tw(fSety) — D along r.
The category fSety has a final object pt. So, the value of &, on pt is colim Q.
(J=I)eTw(fSety)
Step 2 To finish, it suffices to show that &, is strict, that is, symmetric monoidal. Let
Ji € fSety. We must show that the natural map a.(J1) ® a.(J2) = ae(J1 U Jo) is an
isomorphism in D. For ¢ = 1,2 we have

ac(Ji) = colim ac(l; = K3)
(IZ‘—)KZ‘)ETw(fSGt@), I,—J;
in D, and
ae(J1 U Jo) = colim ac(I - K)
(IHK)ET’UJ(fSet@), I—JiUJs
So,

ONéc(Jl) & dC(JQ)/——\; colim O_ZC(Il Ul — KU Kg)
(I1—Ky)ETw(fSety),[1—J1
(Ig—Kg)€Tw(f Sety), Io—J

We used in the above the fact that a.(I1 — K1)®@a.(Is = K2) = a.(I1UI, — K1UK>).
So, our claim follows from Lemma 1.3.5 below. O

Lemma 1.3.5. The result of Lemma 1.2.15 remains true if we replace everywhere in
its formulation fSet by fSety.

Proof. We construct a left adjoint R of ¢ as follows. Let (J; U Jy & T %K ) €
Tw(fSety) X rset, (fSety) nug- Set I = a~!(J;). Then R sends the above object to
the pair (J1 < I1 = K),(J2 < I — K). This is naturally a functor in the opposite
direction. Then R is left adjoint to e. O

1.3.6. In the situation of Section 1.3.1 assume d € C'Alg(D). Let us describe the counit
of the adjunction map GL , (G(d)) — d in D. It is the map

colim ® F(G(d)®’) = d
(J=I)eTw(fSety) icl
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given by a compatible system of maps ® F(G(d)®’") — d for (J — I) € Tw(fSety).
i€l
The desired map is the composition

(14) 8 F(GW)P) — 8 P(G() - d,

where the first map is the tensor product over i € I of the maps F(G(d)®’') — F(G(d))
obtained by applying F to the product map G(d)®’: — G(d), here we use the unital
commutative algebra structure on G(d). The second map in (14) comes from the counit
of the adjunction F(G(d)) — d giving rise to the composition F(G(d))®! — d®! — d,
where the second map is the product using the algebra structure of d.

1.4. Factorization homology functor.

1.4.1. Combining Theorem 1.1.2 and Section 1.1.1 we conclude that the composition

CAl
Fact (pRan ) ! g

CAlg™ (Sho(X)) 5" C AlgP**(Rany) ~™2  CAlg™(Vect)

is the desired functor C¥°*( X, e) of factorization homology.

1.4.2. Let p: Y — X be an affine scheme with a connection over X, here we are over
the algebraically closed ground field of characteristic zero. This means that p,.O €

CAlg(QCoh(X)) is lifted to an object of C'Alg(D — mod(X)). Such schemes with a
aff
/X
D —Sch,x of Dx-schemes which are not necessarily affine.

connection along X form a category D — Sch More generally, there is a category

Then we may consider the scheme Secty(X,Y) € Sch®// of horizontal sections of p.
It is defined by an isomorphism of functors Sch®f — Spe: for S € Sch*f7,

Mapg pass (S, Sectw (X,Y)) = Mapﬂ_sch%(f(s x X)Y)

One checks that
C(Secty(X,Y),0) = CFat (X, Fact(p.Oy))

1.4.3. Ezample. Let p : Z — X be an affine morphism. Define Sect(X,Z) by an
isomorphism of functors (Sch®7/)°? — Spc, for S € Sch®//,
MapSch(S? SeCt(X> Z)) — MapSch/x (S X Xa Z)

Then we may describe C"(Sect(X, Z), ).
Namely, the functor oblv : D —Sch,x — Sch,x has a right adjoint Jets given by the

scheme of jets ([1], 2.3.2). One checks that for 2 € X, Jets(Z), = Sect(D,, Z), here
D, is the formal neighbourhood of z in X. Besides, Jets takes values in D — Sch%}f .
One has Sect(X, Z) = Sectv (X, Jets(Z)) immediately. So,

C.(SQCt(X7 Z)7 O) :CgaCt(X7 Q*oJets(Z))
for the projection ¢ : Jets(Z) — X. This is an example of a local-to-global principle.

1.5. Graded version.
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1.5.1. Assume X is a smooth projective curve, A is a Z>%-graded object in C Alg™*'(Shv(X)),
that is, the product is compatible with gradings.
Let Diveff = duoX (@), Then Div®// is naturally a semi-group with respect to the
>

sum of divisors. Now Shv(Div¢//) = [] Shv(X (@) is equipped with the convolution
d>0

monoidal structure. For the sum u : Dive/! x Dive/f — Dive/f we let
F1 *FQ = U[(Fl X Fz)

Let A: dI_IOX — Dive/f be the inclusion given by the diagonal A% X «— X(@ for
>

each d > 0. We view Shv(dI_IOX) = [lgno Shv(X) = Sho(X)%”° as the category of
>

7>9-graded sheaves on X.

The functor A': (Sho(Dive??), ) — (Sho(X)%”°, ®') is nonunital symmetric monoidal.
It has a fully faithful left adjoint Ay: Sho(X)%" — Sho(Dive/f), which is so left-lax
nonunital symmetric monoidal. By Lemma 1.1.3, the functor

At CALG™* (Sho(Dive 1)) = CAlg™ ! (Sho (X))
has a fully faithful left adjoint denoted Fact. Let
(Diveff X Diveff)d C (Diveff X Diveff)
be the open subscheme of disjoint divisors.

Definition 1.5.2. Define C AlgFt(Shv(Dive/T)) ¢ C Alg™*(Shv(Dive!7)) as the full
subcategory of those commutative algebras A for which the induced map AR A — u'A
restricted to (Div®// x Dive/t) 4 is an isomorphism.

Theorem 1.5.3. The functor
Fact : CAlg"" (Sho(X)Z") = C Alg™*(Shv(Dive/T))
is fully faithful with the essential image C' Alg™®°t(Shv(Dive//)).
Proof. Similar to Theorem 1.1.2. O

The explicit formula for Fact is again given by Proposition 1.2.14. Namely, for
A € CAlgm (Shv(X)Z") given as A = ®g=oAq, we get a functor 0 : Tw(fSet) —

Sho(Dive//) sending (J 5 I) to x A ( @ A). Here ® denotes the product in the
i€l e jedi

symmetric monoidal category (Shv(X )Z>0, ®"). The d-th component of the latter is

fan * A (® Ag,
{d; €27 je g,y >0, dj=d (iel (]EJ' )

Given a map from (J' ™ I') to (J 5 I) in Tw(fSet) given by (9), 6 sends it to the
morphism in Shv(Dive//)

* N(® A)—= x A (@A),
iel’ j/eJZ{/ i€l jeJ;
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which is the composition

* M@ A)—= * MR A)—= *x A (® A
i'el’ j'ed), el JEJy = JjeJ;

where the first functor is obtained by applying A to the product maps along J), — Ji,
and the second one comes from the left-lax symmetric monoidal structure of A;.

1.5.4. Let Vect?" = [I50 Vect be the category of 7Z>%-graded objects of Vect. For
the projection p : X — Speck the functors p' : Vect?™" — (Shv(X)Z>0, ) is nonunital
symmetric monoidal, so gives rise to a functor

P!CAlg : C'Algn“(Veth>O) N CAlgnu’!(Sh’U(X)Z>O)

Its left adjoint is also called the functor CFat( X e) of factorization homology (in the
graded context).
One shows similarly that C¥2°*(X, e) is the composition

C Al (Shu(X)Z™") B8t C Algm* (Shu(DiverT)) P05 € A1gm (Veet?™)
Here pp; ers - Dive/f — Speck is the projection, and

(Ppivess )t (Shv(Diveff),*) — Vect?™’

is nonunital symmetric monoidal.
1.6. AP?-graded version of commutative factorization algebras.

1.6.1. Let AP?® be a semigroup isomorphic to (Z4)™ for some m > 1. For A € A
let X* be the moduli scheme of AP°* — {0}-valued divisors of degree A. Let Conf =

Lixearos_0X*. Then Conf is a non-unital semigroup, and as above Shv(Conf) = [[  Shv(X?)
A€APOs—Q
is equipped with the convolution symmetric monoidal structure denoted *.

We view Shu(X)A* =039 hv(}\ AE . X) as the category of AP?® —0-graded sheaves
e oS _

on X. We equip it with the symmetric monoidal structure so that for F = @,\F* K =
@ K*, the v-component of the tensor product F @' K is QB)\JrM:,,F)‘ Q' K*.
We have the embedding

U X—-= U

A:
AEAPOs —( AEAPOS—(

The functor A': Shv(Conf,*) — (Shv(X)A*~0, ®') is non-unital symmetric monoidal,
its left adjoint A is fully faithful. The corresponding functor

A CAlg™ (Shu(Conf, %)) — CAlg™ (Sho(X)A"~0)
has a fully faithful left adjoint denoted Fact. Let u : Conf x Conf — Conf be the sum.

Definition 1.6.2. Define C AlgF**(Shv(Conf)) C CAlg™(Shv(Conf,x)) as the full
subcategory of those commutative algebras for which the induced map AR A — u'A
restricted to (Conf x Conf)y is an isomorphism.
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Theorem 1.6.3 ([5], Prop. 2.3.3). The functor
Fact : CAlg™ (Shv(X)Y* =9 = C Alg™*(Shv(Conf, *))
is fully faithful and its essential image is C Alg¥®*(Shv(Conf)).

Let A = @yAy € CAlg™ (Sho(X)A”79). The explicit construction of the cor-
responding commutative factorization algebra is as follows. We get a functor 6 :

Tw(fSet) — Shv(Conf) sending (J = I) to * A ( (% A), here ® denotes the product
g Jjedi

in the nonunital symmetric monoidal category CAlg™*'(Shv(X)""*°=0). The restric-

tion of x A;( ® A)to X is
i€l jeJ;

|
* A (R Ay
AT AP5 -0, 30, A(j)=A (&2 (8, 40)

Here we used the map
X' = XA () = Y (O A0
i jEJ;
and x A} (® Ay)) is the direct image of X ( ® A,(;)) under the latter map.
i€l jet; = el jeJ;
Given a map from (J' it I') to (J 5 I) in Tw(fSet) by (9), 6 sends it to the
morphism in Shv(Conf)

* A (® A)= o+ 8 (@A),
iel’ j/GJZ(, el j€J;

which is the composition

* M(® A)—= * M(® A)—= *x M(® A
i'el’ i€, el JE€Jy el jET;

where the first functor is obtained by applying A to the product maps along J), — Ji,
and the second one comes from the left-lax symmetric monoidal structure of A;.
Finally, Fact(A) is defined as

colim * A (® A
(JSID)eTw(fSet) €1 jedi
The diagram commutes

free

Shv(Conf) "= CAlg™(Shv(Conf),x)
T A T Fact

free

Sho(X)A=0 155 CAlg™ (Shu(X)A*—0)

If A= ®)\Ay € Sho(X)2” 0 then free A A restricted to X* is the direct sum over
all ways to write A = ),z npAx with K finite nonempty, Ay € AP* —0, ng > 1 of

* Sym"™*(A; A
kEK (A Ay )

Here Sym™**(A; Ay,) € Sho(X™ ),
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1.6.4. For A: X — X* we get A' (Fact(A)yx) = Ay canonically by definition of Fact.
Let Fact(A) yx be the restriction of Fact(A) to X*. For a point D = Y, \yxg € X
with xp # xp for k # k' and Ay € AP°® — 0 the !-fibre of Fact(A)yx at D is

®kA)\kJ»’k

Here Ay, denotes the !-fibre of Ay € Shv(X) at z € X.
More precisely, for K € fSet and X\ : K — AP — 0 with A = Y, ;- A\ consider

h: XE = XA (2g) = 3 Mexg. Let XX be the complement to all the diagonals. Let
(JIx*)ac JTx™
k k

be the open subscheme of those (Dy) such that for k # £/, the divisors Dy and Dy, are
disjoint. We get a diagram

XK — XK
1y lh
(L XM = XA

with s etale. By definition, s'(Fact(A)yx) = Ky, Fact(A)y», over ([], X**)4, and over
X% we have

! —~
f (kéEK Fact(A) v, ) = kéEKA/\’“

1.6.5. Let A, B € CAlg"™' (Shv(X)A”~9). Then A® B € CAlg" (Shv(X)*~0),
here ® denotes the tensor product in the latter non-unital symmetric monoidal category.
Note that for A € AP?S — 0, (A & B))\ = EB)\1+)\2:)\A)\1 ®! B)Q.

Recall a general fact that for a pair of not necessarily commutative factorization
algebras F, 7" € Alg"*(Conf), F x ' is naturally an object of Algf®t(Conf). Here
AlgFaet(Conf) is the category of factorization algebras on Conf.

It is easy to see that Fact(A ® B) — Fact(A) x Fact(B) on Conf. That is, for A €
APOs — (),

Fact(A®@ B)y— @& Fact(A)yr * Fact(B)xx,
A1 t+A2=A

Here Fact(A)y», denotes the restriction of Fact(A4) to X*. So, the functor Fact of
Theorem 1.6.3 is non-unital symmetric monoidal.

1.6.6. If A is a non-unital coalgebra in CAlg"™*(Shv(X)"*~0 ') then the comul-
tiplication A — A ® A is a map in CAlg"™'(Sho(X)A*7Y), so gives a morphism
Fact(A) — Fact(A ® A) = Fact(A) x Fact(A) in CAlgFt(Shv(Conf)).

More precisely, Fact induces a functor

CoAlg™ (CAlg™ (Shv(X)A” 0 @) = CoAlg™ (C Alg™ (Shu(Conf, *)))
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1.6.7. Let us try the following calculation (in the constructible context). Let B = @ B)
be a (AP?® — 0)-graded non-unital commutative algebra in Vect. Set Ay = B) ® w on
X for each A\, and A = ) A,.

Pick A € AP% — 0. Let A: X — X* be the natural map.

Question: calculate the s-restriction A* (Fact(A)xx) to X.

The functor A* 6 : Tw(fSet) — Shv(X) sends (J = I) € Tw(fSet) to

S5 @ Byx))2|1||=(® B)\2|1
i S sy (S B2 T = (2 BRI

here e[2 | I || = (a%)*wyxs for AT: X — XT. It sends the map (9) to the composition

id ®e
(® BRRIT | = (@ B[ (@ B)R|1],
JjeJ’ jeJ jeJ

where the first map comes from the product in the algebra B, and the second map is
obtained from € : e[2 | I' || = e[2 | I |]. We have denoted by € here the morphism
obtained from 4wy, — wxs by applying the functor (a1)*. Here i : X' — X' is the
diagonal attached to ¢ : I — I'. The answer is not clear in general.

1.7. Generalization of Proposition 1.2.14.

1.7.1. Let €,D € CAlg"™ (1 — Cat), we assume C, D admit all small limits and colimits.
Let us be given an adjoint pair F' : € = D : GG in 1 — Cat such that G is nonuni-
tal symmetric monoidal, so F' is left-lax nonunital symmetric monoidal. Let G, :
CAlg™ (D) — CAlg™(C) be the functor obtained from G, so oblvoGe,, — G o oblv
for oblv : CAlg™ (D) — D,oblv : CAlg™(C) — C.

We difference with Proposition 1.2.14 is that we do not assume that the tensor
product in D preserves colimits separately in each variable!

Conjecture 1.7.2. In the situation of Section 1.7.1 the following holds.

i) The functor colim : Fun™(Tw(fSet),D) — D upgrades naturally to a functor
colim : Fun"® (Tw( fSet), D) — Fun"'* (pt, D).

ii) There is a left adjoint GL , : C Alg"™(C) — C Alg"™“(D), which fits into the commu-
tative diagram (10).

1.7.3. To extend the proof of our Proposition 1.2.14 to this case, we should, I think,
solve the following question. Let J,J € 1— Cat be small nonuinital symmetric monioidal
categories, f : J — J be a nonunital symmetric monoidal functor. Take O® = Surj,
the oo-operad defined in Section 1.2.1. Then we have the oc-operads Fun?(J,D)®,
Fun® (g, D)® defined in ([10], Construction 2.2.6.7). The functor f yields by functori-
ality a natural map

e : Fun®(g,D)® — Fun®(J, D)®
of co-operads. Its fibre over (1) € Sur] is_f : Fun(d, D) — Fun(J, D), the composition
with f. The functor f has a left adjoint f% : Fun(J, D) — Fun(J, D) given by the LKE

along f. We need to extend f» to a map of co-operads Fun® (3, D)® — Fun®(g, D)® I
think.
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I think unfortunately, this does not work, then so obtained functor f* is only non-
unital left-lax symmetric monoidal (it is not strict). So, I don’t believe in the above
Conjecture.

1.8. AP%-graded version of cocommutative factorization coalgebras.

1.8.1. For this section we work in the constructible context.! Let AP°°, X*, Conf, A, u
be as in Section 1.6.1. We consider the symmetric monoidal category (Shv(Conf), *)
as in Section 1.6.1.

View now Shv(X)2* =0 as equipped with the symmetric monoidal structure so that
for F = @&\F» K = @,K", the v-component of F @ K is 69/\+H:VF/\ ® KH*. So, we
replaced ®' by ®.

The functor A*: Shv(Conf,x) — Shv(X)A*~0 is non-unital symmetric monoidal,
its right adjoint A, is fully faithful and non-unital right-lax symmetric monoidal. The
functor A* induces a functor

(15) A*: ComCoAlg™ (Shu(Conf, *)) — ComCoAlg™* (Shu(X)A"~0)
In the RHS the * refers to the fact that we use the ®-monoidal structure. By Lemma 1.1.4,
(15) admits a right adjoint.

Definition 1.8.2. Let ComCoAlgF*t(Shv(Conf)) C ComCoAlg(Shv(Conf,*)) be the
full subcategory of those A for which the induced map u*A — AKX A is an isomorphism
over (Conf x Conf)y. We used that u is proper and of finite type.

Remark 1.8.3. The map u : (Conf x Conf)y; — Conf is etale, so that u* over this
locus exists even if we are not in the consructible context.

Question. Is it true that the right adjoint to (15) is fully faithful?

1.84. Let A = ©\Ay € ComCoAlg™* (Shv(X)A”~9). The construction of Fact(A)
should go as follows. We get a functor 6 : Tw(fSet)? — Shv(Conf) sending (J = I)

to * Ay (® A), here ® denotes the product in the non-unital symmetric monoidal
1€ JjeJ;

category (Shu(X)A”~0 ®). The restriction of the latter object to X* is

® * A ((® Ay
AT = APos—0, 35, A(5) =X (iEI ! (jEJ- A(J)))

Here we used the map

XT = XA () = ) (Y AU

i jEeJ;
and b N, (ng Ay(jy) is the direct image of El(jg Ay(jy) under the latter map.

Given a map from (J' it I to (J 5 I) in Tw(fSet) by (9), 6 sends it to the
morphism in Shv(Conf)
* A;(@ A)—> * A!( X A)
el jeJ; el j’eJZ{,

IThere should be a version for D-modules but with imposing strong assumptions like all the sheaves
are compact, I have not thought about this case.
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which is the composition

* M (® A= « AN A)— x N A
iel jeJ; iel’ Jje€Jy el j'ed),

Here the second map is the (x-product over I') of the coproduct maps ® A— ® A
jEJi/ jIEJ’Z,
along surjections J}, — Jy, and the first map comes from the right-lax structure on A,.

Here AU/T): X" - X1 and we used that (A(I/I/))*(EIA‘@JZ'):? A@] A%y,
i€ iel’
The right-lax structure above was used to get maps

* N(® A)-Mn((@ @ A
i€l jeJ; i€ly jed;

for each i’ € I’, and further take * of these maps.

iel’
Now define

Fact(A4) = . (l}gn : 0
w et)°op

in Shv(Conf).

1.9. Ran-version of commutative factorization categories attached to coalge-
bras.

1.9.1. For this subsection we work with any sheaf theory. Let A € ComCoAlg™ (DGCateont)-
In ([6], 2.5.5) Dennis proposed the following construction. Consider the functor Tw(A) :

Tw(fSet)? — DGCatcont sending (J 2 I) to A%’ ® Shv(XT). Tt sends the map (9)
to

A®7 @ Sho(XT) = A% @ Sho(XT)
which is the tensor product of A': Sho(X') — Sho(X!) for A: X" — X! with the

product map A®7 — A%/ Then limgy( rgeryor Tw(A) in DGCateont. Note that this
limit can also be calculated in Shv(Ran) — mod naturally.

1.10. Ran-version for commutative factorization categories attached to alge-
bras.

1.10.1. For this subsection we work with any sheaf theory. Let A € C Alg™ (DGCatcont)-
In ([6], 2.5.1) Dennis proposed the following construction. Let Tw(A) : Tw(fSet) —

DGCatcopnt be the functor sending (J LA I) to A® @ Shu(X'). It sends the map (9) to
A®" & Sho(XT) = A®7 @ Sho(XT)

which is the tensor product of A.: Shv(X!) — Shu(X!) for a: X' — X! with the

product map A%’ — A®/ along J' — J. Then we may consider chg}ign)Tw(A), this
w et

is the category of global sections over Ran of a suitable sheaf of categories attached to
A as in ([8], 8.1), see my file ([13], Section 3.3).

1.11. Factorizable sheaves.

1.11.1. Let be X is a smooth curve. We may define Shv(Rany )"t similarly to [13].
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2. NON-COMMUTATIVE VERSION

2.0.1. Let D € Alg"(DGCateont). Then Alg™ (D) is presentable. This is obtained
from the following general fact: let C' be a presentable co-category, A a monad on C' such
that the undelying functor C' — C' is accessible. Then A — mod(M) is presentable. In
our case Alg"™ (D) admits a sifted colimits by (HA, 3.2.3.1), and oblv : Alg"*(D) — D
preserves sifted colimits and is conservative by (HA, 3.2.2.6). Thus, oblv : Alg"*(D) —
D is monadic, and the corresponding monad is continuous.

2.0.2. Let C,D € Alg"(DGCateont). Let I : C = D : r be an adjoint pair in
DGCateont, where 7 is non-unital monoidal, so [ is left-lax non-unital monoidal. Write
rAl9 . Alg™(D) — Alg™(C) for the induced functor, it preserves limits. Besides,
Alg™(C'), Alg™(D) are presentable, so 4% admits a left adjoint 149,

Write free : C — Alg™(C) for the left adjoint to oblv : Alg"™*(C) — C. Note that
14 o free= freeol.

Lemma 2.0.3. Assume |: C — D fully faithful. Then 1% is also fully faithful.

Proof. The proof of Lemma 1.1.3 immediately generalizes to this case. Note that
Alg™(C) is generated under geometric realization by free algebras. By a free algebra
we mean an object of Alg™*(C) lying in the essential image of free : C — Alg"™*(C),
see (HA, 3.2.3.3). O

2.1. Example of the affine grassmanian.

2.1.1. Let G be split reductive, consider the affine grassmanian Grgran. This is a
factorization prestack over Ran. For S € Sch;{ ! given an S-point J of Ran let Dy
denote the formal scheme obtained as the formal completion of S x X along 'y, here
I’y is the union of the graphs T'; for i € J. Let Dy be the affine scheme attached
@g (by passing to the colimit inside affine schemes instead of prestacks). Write also
53 = @j — I

Let £7(G)Ran be the group scheme over Ran defined as follows. Given an S-point J
of Ran, its lifting to an S-point of £1(G)Ran is a section Dy — G.

Let He(:kelGOC be the stack over Ran classifying collections: J € Ran, G-torsors Fg, I,

on Dy, and an isomorphism 3 : F= F(, over Dy. The stack quotient Grg ran /£ (G)Ran
(in the étale topology) identifies with Heckelgc.

2.1.2. Now Heckel%® is naturally a factorization prestack over Ran. Tt is also an as-
sociative algebra in PreStk.,,. Namely, for a linearly ordered set I = {1,...,n} the
product is given by the diagram

loc

(Heckel2®)™ & Convy LN Hecke&

Here Convy is the stack classifying J1,...,J, € Ran, G-torsors F(,, . .. ,S’Zﬁ'l on Dyy,7,
together with isomorphisms

gL X g2 . qn =5 qntl
,31 : EFG_>3~G |DUﬂi_F31’ ey /Bn : T&—ﬂrfg ’®Uiji_rjn
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The map a sends this collection to
(F&: T8, B1) Dy, -+ (FETE, B) |y,

The map b sends this point to (U ,J;, 3, F&, F&), where 3 is the composition 3,0. . .03;.

Though HeckelG"C is not locally of finite type, we may still define the DG-category
Shwv(Heckele) in our constructible context via the usual way. Moreover, Shv(HeckelS¢)
becomes a non-unital monoidal category via the convolution x. Namely, given K; €
Shw(HeckelS¢), their convolution K * ...+ K, is defined as

Kix.. «K,=bad (K K. KK,

Here the map b is pseudo-proper, so we should have b, — by naturally. Write S hv(HeCkelC?c, %) €
Alg"™(DGCateone) for this monoidal category.

2.1.3. We view Ran as an object of Alg™"(PreStk). The inclusion PreStk C PreStk o,
allows to view it also as an object of Alg™"(PreStkeerr). Then the projection Heckeléfc —
Ran is a map in Alg™"(PreStkeor). In partiocular, for the linearly ordered set I =
{1,...,n} the above diagram fits into a commutative diagram

loc

(Heckels®)” & Conv; LN Hecke®
3 _ 1 3
Ran’ £ Ran! 5 Ran,

where u is the union operation on Ran.

2.1.4. Let A® : A’ — 1 — Cat be a monoidal co-category, A = A®([1]). Let A — A
be the corresponding cocartesian fibration. Let A; C A be the subcategory with
the same objects, where we keep only injective morphisms [n] — [m]. The category
Alg™(A) of non-unital associative algebras in a monoidal category A is controled
according to ([10], 5.4.3.3) as the full subcategory Alg™*(A) C Functaer((As)%,.A)
spanned by functors F' that send morphisms of the form [1] — [n],0 — i,1— i+ 1 to
a cocartesian arrow.

2.1.5. Let HeckelG"fX = Heckel2® XRanX. We may view Shv(HeckelC‘;’fX) also as an object
of Alg™(Shv(X,®") —mod) via convolution.
Namely, the non-unital monoidal structure on Heckel(‘;’c is given by a functor fg :
AP — PreStkeor, [n] — (Heckel2®)”, and ¢ : [n] — [m] in A goes to some diagram
(Heckel2®)™ < Conv,, — (Heckel2)"

We get the functor fyx : A% — (PreStk,x)corr sending [n] to

(Heckel8)™ xganm X = H Heckeg’fx,
/X
1<i<m
and ¢ : [n] — [m] in A to

Heckel2)™ X ganm X  Convg Xp. 1 X — (Hecke9)™ xpann X
G ¢ “Ran G
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Now fyx is an object of Alg™((PreStk,x)corr). Applying the functor Shv, this
gives on ShU(HeCkeIé”CX) the structure of an object of Alg™*(Shv(X,®') — mod).

2.1.6. The functor oblv : Shv(X,®') — mod — DGCatey is right-lax symmetric

monoidal, so on Shv(Heckel(‘;’fX) we get a structure of an object of Alg™(DGCateont)-

We denote this convolution by . For the linearly ordered set I = {1,...,n} consider
the diagram

b
(Heckelc‘fX)” & (Heckel2®)™ Xpann X & Convy x 3 Heckeléjfx,

where we denoted Convy x := Convy xp, 1 X, and ax, by are obtained from a, b by the

base change. The convolution product of K; € § hv(HeckelC?fX) is given as

Ky #...x K, = (by).axq (K1 ®...KK,) € Shv(Heckel3)

2.1.7. Leti: HeckelGOfX — Heckel9 be the natural map. Then r = i' : Shv(Heckel2®, x) —
S hv(HeckelGOfX, %) is non-unital monoidal. So, induces a functor

A9 Alg™ (Shuv(Heckel?, +)) — Alg”“(Shv(HeckelC?fX, %))

APPENDIX A. SOME REMARKS

A.0.1. Recall the adjoint pair [ : fSet = Tw(fSet) : r from Section 1.0.13. Since
r: Tw(fSet) — fSet is cofinal, r induces an isomorphism | Tw(fSet) | — | fSet |.
Since fSet has a final object, | fSet | = *, so Tw(fSet) is contractible.

Consider the functor

q:Tw(fSet) = fSet”, (J = K)— K

We claim that ¢ is cofinal. Indeed, let K € fSet. We show that the category
Tw(fSet) X yseror (fSet) is contractible. Its objects are collections (J1 — K1 — K)
with (J1 — Ki) € Tw(fSet). Taking the fibres (J1)r — (K1) for each k € K, one
gets an isomorphism Tw(fSet) X seror (fSet™) g/ — [[pex Tw(fSet). By the above,
the latter category is contractible.

A.0.2. As an applicatioin, for A = wyx € Shv(X) the corresponding commutative
factorization algebra on Ran is

colim AE Wx K
(J=K)eTw(fSet)

for A¥: XX — Ran. This is the colimit of the composition Tw(fSet) 2 fSet? —
Shv(Ran), so rewrites as

colim wyx — wR,
KefSetor X an

because Shv(Ran) = colim ¢getor Sho(XT) in DGCateont.
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