1. COMMENTS TO BEILINSON, DRINFELD, CHIRAL ALGEBRAS

1.1. For chapter 1. The notion of a colored operad from ([14], 2.1.1.1) is the same
as the pseudo-tensor category in [1]. The corresponding notion for co-catetories is that
of oco-operad. Their pseudo-tensor functor corresponds to a notion of a morphism of
oo-operads.

For Sect. 1.1.13. Let k be a commutative ring, R be an associative k-algebra, B be
a k-operad. They write By for bovek-module of I-operations on the unique object * of
B. Write also for a surjection 7 : J — I of finite sets, B ;1 = ®icrB,,. The operad
structure is given by k-linear maps By ®x B j/; — B for any surjection of finite sets
m:J— 1.

Then B for I = {1} is a k-algebra, assume given an isomorphism of k-algebras
B1 =~ R. Then B; becomes a (R — R®)-bimodule, here R®! is the tensor product
over k. Indeed, _®I ri € R®L r € R acts on m € By as the composition rm(r;). The

1€
composition By @ By — B factors evidently via By @per B — B;. Note that
B )1 is naturally R®! — R®/_module, and the latter map is a morphism of R — R®”/-
bimodules.

The pseudo-tensor structure P*® on mod— R is as follows. For a finite nonempty
set I,

Pr({Li}, M) = Hom,,,q_ger(®icrLi, M ®r Br)

Now if 7 : J — I is a surjection of finite nonempty sets, assume given M, L; € mod —
R, K; € mod — R, assume given morphism in mod — R®7Ji

o & Kj-)Li(X)RfBJi
JE€J;

and a: ® L; = M ®p By in mod — R®!. Tensoring o; over i € I, we get a map
el

j(?J Kj— E}(Li ®r Bj,) = (®ierLi) ®per By/1
in mod — R®’. Applying ®porB 1 to o, we get a map

(®ierLi) ®ger By = M @p Br ®ger By = M Qr By
Composing, we get the desired map j(?J K; — M®grB;.

1.1.1. A way to think about the Lie operad Lie over a field k. They always assume

1/2 € k. The k-vector space Lie,, consists of Lie polynomials in variables ey, ..., e,. For
example, Lies is generated by [e1, [e2, €3]], [es, [e1, €2]], [e2, [e3, €1]] with the only (Jacobi)
relation [eq, [e2, e3]] + [e3, [e1, e2]] + [e2, [e3, e1]] = 0.

If I is a 2 elements set then Lie; does not have a distinguished generator. Once you
pick an isomorphism I = {1, 2}, you get the generator [,], and if you change the order
of I, you get —[,].
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The k-operad Com from 1.1.7, 1.1.10 is given by Com,, = k for any n > 1. We
repeat that Com stands for usual operad, non the augmented one! So, Com-algebra in
a tensor category is a commutative algebra without unit.

Let ¥ be the operad of linear orders from 1.1.4, let k[X] be its k-envelope. We have
a pseudo-tensor functor Lie — k[X] given by the property that [e1, ea] — ejea — egey.
In an expression like ex(ejes) (parenthesis can be put in arbitrary way, as the product
of e; is associative) the corresponding order on {1,2,3} is 213.

1.1.2. Proof of their Lemma 1.1.10 in details. Assume the operation -y, € Py*({M, M}, M)
commuttaive, set [-,-]ar = -3 ® [e1, ea] € PyHC({M, M}, M). If - is associative then
for m; € M we get, so to say,

[m1, [ma, m3]ar]a + [ms, [ma, me]ar]ar + [ma, [ma, ma]a]ar =

(mimams) ® ([e1, [e2, e3]] + [es, [e1, e2]] + [e2, [e3, e1]]) = 0

by the Jacobi identity for the Lie polynomials. '
Conversely, assume that [-, -] 5/ satisfies the Jacobi identity. In Py*®Me({M, M, M}, M)
we get so to say for m; € M

mi(mams) @ [e1, [e2, €3]] + m3(mimz) @ [es, [e1, e2]] + ma(mam1) ® [e2, [e3, e1]] = 0
By the Jacobi identity [e1, [e2, €3]] + [e3, [e1, e2]] + [e2, [e3, e1]] = 0 in Lies. So,
(m1(mams) —ma(mamy)) ® [e1, [e2, €3]] + (m3g(mimsa) — ma(mami)) @ [es, [e1, e2]] =0
Since {[e1, [e2, €3]], [e3, [e1, e2]]} is a base of Lies, we have

P ({M, M, M}, M) ® [ex, ez, e]] N PY*({M, M, M}, M) & [e3, [e1, e2]] = 0
in P;)V[®Lie({M, M, M}, M). So, the above gives
mi(mams) —ma(msmy) and  mg(mims) — ma(msgm;)

so to say for any m; € M. This shows that -j; is associative.

1.1.3. Example 1.1.14 seems important. If R is a cocommutative Hopf algebra, set
B; = R®!. The operad structure on B is given as follows. If 7 : J — I is a surjection
of finite nonempty sets, the map B; ®per B /1 — By becomes R¥ @ por @ier(R®71) —
R®7 it is well defined in loc.cit.

In particular, the left R-module structure on B; = R®! is given by the coproduct
map AD: R — R®!

1.1.4. T think they call in 1.1.16 a category € k-linear if each Home(a,b) is a k-vector
space, and the composition is k-bilinear.

Now given k-linear catgeories C, €’ they call € ® € the category, whose objects are
pairs (¢, ¢’) and morphisms Homeger((¢, ¢), (d,d')) = Home(c, d) @ Home: (¢, d’). You
may ask Drinfeld.
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1.1.5. For 1.2.11. If A is an operad in their sense and C is an A-module operad, then
this does not mean that € is an operad! The category € has two objects ., * and for I
a nonempty finite set PIe(xi, y) is nonempty in the following cases: either all z; and y
are ., or y = * and exactly one of x; equals .

This is the case for example for their »-operad ¥X™ defined in 1.2.12. This is the
category having 2 objects .,x. The set P" ({z;},y) is nonempty only in the above
cases, and in those cases the latter set is the set of orders on I, not on I LI*! This gives
the gadget controlling the bimodules for associative algebras.

I think in 1.2.13, 1.2.16 they use the following notation without saying so explicitly:
let B be an operad, € be a B-module operad (so, € has objects .,*). For nonempty
finite set I they write C; for the set of operations Pf({.,} s, *), here . are indexed
by I.

Example 1.2.16 is great! It is easier to understand in a special case, say, when B
is the operad of associative algebras, and C is the usual B-module operad. Then, in
their notations, L is a monoid in Sets, and Sets(L, C) is the category L — mod(Sets)
of sets equipped with L-action. The question is then to understand the monoid C(L)
of endomorphisms of the forgetful functor L — mod(Sets) — Sets. We have a natural
map from L — C(L), which seems to be an isomorphism.

In general their description says the following: C(L) is generated by elements ((¢;, ¢),
where I is a finite nonempty set, ¢; € L, and ¢ € C; givingamap ¢ : ([[;c; L)xM — M
functorial in M € Sets(L,C). The relations in this C(L) are as follows. For a nonempty
finite set I let I = I U *. Given nonempty finite sets I, J and a surjection 7 : J — I
with 7(%) = *, set J = 7~ (*)NJ. Fori € I set J; = 7~ 1(i). Assume given elements
¢i € By, for i € I, ¢po € C; and ¢1 € C;. So, ¢1 gives a map ([[;c; L) x M — M
functorial in M € Sets(L,C), and ¢2 gives a map ([[..; L) x M — M functorial in
M € Sets(L, C).

Then we want to compose the maps in the diagram

jeJ.

([ z) x M ([liergo)xe2 (T2 x M3 M
jed icl

This explains their formula (1.2.16.1).

I imagine, one may more generally define (L) as the monad attached to the functor
oblv : Sets(L,C) — Sets, which should have a left adjoint.

To memorise: let say E € DGCatcon: and B be a e-linear operad in the sense of [6]
extended to a B-module operad € as above. Fix a B-module L € E. Then we have
the category L —mod(FE). In which generality L —mod(E) — E has a left adjoint ind?
Then oblvind will be a monad on E (it actually comes from a monad on Vect?). The
corresponding monad on F is the universal enveloping algebra of L.

1.1.6. Example from Sect. 1.2.18 is great! Let k be a field (with 1/2 € k). If M is a
pseudo-tensor k-category, L is a Lie algebra in M, they denote by M(L) the category
of L-modules in M (see 1.2.13). Then M(L) has a natural pseudo-tensor structure! It
is defined in a way analogous to the definiton of the action of a Lie algebra on tensor
product of representations.



A nice way to write down axioms (say, of a Lie algebra in a pseudo-tensor category)
is to draw pictures: arrows going to the right; the objects {L;} in a column, M in the
column to the right, so a map {L;} — M is a collection of arrow going from each L; to
M. The compositions are compositions of arrows...

Let us explain a point from 1.2.18. Let M be a pseudo-tensor k-category, L a Lie
algebra in M, M(L) the pseudo-tensor category of L-modules in M. Let h : M — Vecty,
be an augmentation functor. If M € M(L) then h(M) is a h(L)-module. Let h* :
M(L) — Vecty, be the functor M — h(M)ME) of h(L)-invariants in h(M). Why this
is an augmentation functor on M(L)? Given a finite nonempty set I and iy € I, let
M;, N € M(L). Recall their notation Pr;({M;}, N) C Pr({M;}, N) for the subspace of
L-linear operations. The map

Prr({M;}, N) x h*(M;,) = Pri_giy({Mi}, N)
is, I think, the restriction of the map
Pr({M;}, N) x h(Mi,) — Pr_g;oy({Mi}, N)

Indeed, in the usual situation of L-modules if ¢ : ®;M; — N is a morphism of L-
representations over k then for m € M;, to define a morphism of representations
@r_{igyMi — N by restrictions, we need that m € Mzﬁ, that is, m = 0 for any
le L.

If now M is a pseudo-tensor k-category, N is a Lie algebra in Vecty then we have
a notion of a N-module in M. This is M € M such that N ®; M exists, that is,
the functor M — Vecty, R — Homvect (IV, Homy((M, R)) is corepresentable, and we
are given a map N ® M — M satisfying the usual axioms of a Lie algebra action.
In particular, I think, N ® (N ® M) should exist. Probably, for dim N < oo this is
usually the case. Maybe this is true because they assume M to be abelian pseudo-tensor
category. I think they say that if N ® M exists for any M € M then we may define
the pseudo-tensor category { N-modules in M}. Now they claim that if L € M is a Lie
algebra in M then the ”identity” is the pseudo-tensor functor M(L) — {h(L)-modules
in M}. For example, L is an L-module, so h(L) acts naturally on L.

1.1.7. Let M be an augmented pseudo-tensor category, h : M — Sets the corresponding
augmentation functor. Let I be a finite set, L; € M, M € M, assume the inner object
Pr({Li}, M) exists. The natural map (1.2.7.2)

h(Pr({Li}, M) — Pr({Li}, M)

is the composition map with respect to the diagram () — I — *. Recall that for any
M e M, h(M) = Py(M).

1.1.8. For Cor. 1.3.3.

i) If S « I — T are surjections of finite nonempty sets, and S, T are transversal then
I — S x T is injective by Prop. 1.3.2 i).

ii) Let S <~ I — T be complementary equivalence relations, ¢ € T. Then I, — S
is injective by the previous point. They claim it is actually bijective (on footnote 20
on p. 51, Sect.1.4.27), but this is wrong, say for I = {1,2,3} et quotients {1,{2,3}},

{{1,2},3}.
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iii) One may hope also the following holds. If S,T € Q(I) are transversal then for any
J € Q(I), the equivalence relations inf{S, J},inf{T, J} € Q(J) are transversal.

1.1.9. For Cor. 1.3.3. The following is actually used in 1.3.12.

Lemma 1.1.10. Let S < I — T be a complementary pair of equivalence relations. Let
H e Q(I) with I > S, that is, I - H — S. Then (inf(H,T),S) is a complementary
pair in Q(H).

Proof. Let V be a finite-dimensional vector space. Then VT + VS = VI vTnyS =V.
Set T" = inf(H,T). Then VI = VH VT and V5 + VT = VH Indeed, if v € VH
and v = v1 +vo with v1 € V5, vy € VT then vy € VENVT = VT, Finally, V' NVS =
VENVTNVS =V. The claim follows now from ([1], 1.3.2). O

1.1.11. For compound tensor structures, Section 1.3.5. I think they assume in 1.3.5
that the usual categories underlying the pseudotensor categories (M, P*) and (M°, P')
are opposite to each other.

If P'is a pseudo-tensor structure on M? (the opposite category), we write the com-
position as follows. For a surjection 7 : J — [ of finite nonempty sets,

(TT 25, (Lo {55}) x Pi(M{Li}) = Pj(M. {K;})
el
sending (¢, ) to (¢;)¢. Here P'(M, L) = Homy(M, L). The order in compositions is
very important!
An element of (P} ({L;},-), P(-, {M;}) is given by some x € M and a diagram
{Li} 5 a5 (M)
If ¢ : x — y is a map in M then given a diagram {L;} ERPSA y 2 {M;}, we see that
it is natural to impose the relation

(@f,9) ~ (£, d9),
here ‘pg = g¢. We may safely denote by ¢gf the image of (f,g) in PI*,!J({LZ-}, {M;}).
The composition map on the last line of p. 25 sends {1} SN {NpL},rf € P}‘f‘]({Li}, {M;}),
{Ky} X {L;} given by the diagram

(K} B (L} 5w 5 (M) 7 (Vi)
to their composition denoted (7;)(rf)(n;). Here
(mi) € Pé/[({Kg}7 {Li}) = H Pél({Kg}a Li),
el

and () € Py, ,({M;}, {Nw}) = TTjcs Piy,(Mj, {Np})-
The maps given by (1.3.6.1) should be seen as ”compositions”. Namely, given a finite
set I, and complementary pair of equivalence relations S <— I — T, given a diagram

(N Ly @ ()
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where (¢) is a map for P*, (1) is a map for P', the operation ( )éT gives their compo-

sition € Pji' s({N¢}, {M,}). Memorize: *-operation decreases the number of variables,
l-operation increases the number of variables.

When they say after (1.3.6.1) that <>§T must be functorial with respect to M, and
Ni-variables, they mean the following. Given M. € M and maps My — M. in M for
all s € S, we may compose PI*/S<{LZ'}’ {M,}) with the latterr maps, so we get a map

Trs({Lid AMs}) — Prys({Li}, {M33).

Then the diagram should commute

P s(Li} ML) x Plp(IN) L)) = Pilg({Ne), {M1})
1 1 .
Ps(Li} AMY) x Pl (N ALY) = Prlg({Ne), {M.})

Similar situation with the Ny-variables.
Given in addition surjections H — S, G — T', the map ( >§T extends to the following.
Given an extension of the latter diagram to

t ¥ bs Ks
U USR]
where 77, ¢ € P*,¢),k € P', the composition (r)((¢s)(1) t) (nt), where in the middle we
have ( )L 5 -composition, depends only on the images of (ks)(¢s) in

Pf i, ({Li},{Bhn}),

SES

and images of (¢¢)(n¢) in J[,er Pé!t,It({AgL {Li}).

For the axiom 1.3.7(i). They assume that S,T7 € Q(I) are complementary, let also
H € Q(I) with H > S. Then let V =inf{H,T}. Then S,V are complementary on
H, so we have the operation <>§{V To make sense of 1.3.7(i) we first need to know
that the operations ( )% ;. defined by (1.3.6.1) indeed extend to more general operations
attached to any diagrafn G — T+ I - S — H and still denoted by the same symbol
( )éT (defined by the displayed formula just after (1.3.6.1)).

For 1.3.7(ii). They assume that S,T € Q(I) are complementary, let also G € Q([)
with G > T and U = inf{S,G}. Then U,T are complementary on G first. Besides,
for each uw € U, (Sy, G,) are complementary on I,,.

Question: Why it suffices to define the operations ( )éT for (S, T) complementary on
1?7 If S + I — T is a diagram of surjections of nonempty finite sets, let V = inf{S T}.
Then for each v € V, (S, T,) are complementary on I,,, so we have the operation <> ST,
Do they give rise to an operation

7rs({Liy AM}) % Ppyp({Ne}h, {Li}) = Pris({Ne}, {Ms})

analogous to <)§T without the assumption that (5,7 are complementary? It suffices
to define more generally the morphisms

1 Pr s, (AN} {M}) = Prls({Ne}, {M,})

veV



For example, if S — V is an isomorphism then the result will be the map

r (N (MY = [ Pr, (AN M) — Py ({Ne), {M,})
veV

Do we have such maps? Not clear.

1.1.12. For their 1.3.10. Let M be a compound pseudo-tensor category. Let h : M —
Sets be an augmentation functor on M*. They use the fact that given a finite nonempty

set T and to € T, the maps hry, : Pr({Ne}, M) x h(Nyy) — Pj’i\to({Nt},M) given by

(1.2.5.2) extend as follows. Let S,T" be nonempty finite sets, tg € T'. Then there are
maps

Pig({Ne} {Ms}) x h(Nyy) = Priy s(INe}, {M5})

defined as follows. An element of the source given by a class of a diagram

(N} L2 ()
for x € M, a x-opration f, !-operation g, is sent to the equivalence class of the compo-
sition
f
{Nt}t;éto X h(Nto) — {Nt} — T i> {MS}

It is useful to remember: if S &5 T =5 T is a compemlentary pair on a finite nonempty
set I let ig € Iy, so = ms(io),to = mr(ip). Assume 73" (to) = {io} and | mg'(s0) |> 2.
Set Ty = T'\to, Iy = I\ip. Then (S < Iy — Tp) is a complempentary pair!

1.1.13. For Section 1.3.12. In 1.3.12 line 1 there is a misprint. They say that
if | pseudo-tensor structure is representable then Pl*f UL M) S Pr({Li}, ©5 M)

canonically. So, to define the compound pseudo-tensor structure, instead of ( >§T of

1.3.6.1) it suffices to define these ( )L .. in the universal case. Namely, in the notations
S, T
of 1.3.6, we have

Ppyp({Ne}, {Li}) = [ | Hom(Ne, @}, Ly)
teT

So, it suffices to assume N; = ®!ItLi for any t € T. Thus, we need to define the
”compound tensor product maps”

®b1 : Prys({Li}, {Ms}) = Pr({®}, Li}, @ M)

A way to memorize is to note that ®§7T converts a map I — S to a map T — pt.

Def of compound pseudo-tensor structure assuming P' representable is comprehen-
sible!!! Comments for the axioms from 1.3.12: assume T + I — S is a complementary
pair in Q(I).

i) Take H € Q(I) with H > S, let V =inf(H,T). Recall that (S, V) is complementary
in Q(H) by my Lemma 1.1.10. Besides, for any v € V, (T, H,) are complementary in
Q(I) by ([1], 1.3.3.1). The input data is a diagram of P*-morphisms

(1) (L} @Y (S ()
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for I — H — S. The claim is that the composition of the above maps commutes with
the compound tensor product. The diagram of sets behind is

I - H — S

\J 3 1
T -V — pt

The diagram (1) yields, taking the tensor products, the diagram
{®4,Li} = (@, K} = @M,

for the diagram of sets T — V — pt.
ii) We take G € Q(I) with G > T, so we get a diagram

I - G — T

2 \ \
S —- U — pt,

where U = inf(S,G). Recall that (U,T) are complementary in Q(G), and (S, Gy)
are complementary in Q(I,) for any u € U. This axiom says that the isomorphisms
®!ItLi — ®!Gt (®!19Li) (for any ¢ € T') are compatible with P*-operations.

These axioms are understandable!

1.1.14. For Remark 1.3.15. Let M* be a compound tensor category, so M is a tensor
category, hence M' is also a tensor category (opposite one). Then the natural action of

M' on M extends to a M'-action on M*. Consider the diagram I 1C<l’—ld I lﬁ;k IUx. These
are complementary equivalence relations on I LI I. Assume given ¢ € P;({M;}, N).
Then consider the map (id,...,id, ¢) € P;ul/fu*({Aiv M;},{A;, N}) and apply ®§H£’I,
we get a map

1.1.15. The Chevalley-Eilenberg complex is defined in Sect. 1.4.5 in a very general
case. The traditional definition is as follows. Given a Lie algebra L (over a field k) and
a L-module M, set CP(L, M) = Hom(APL, M)— (APL*) ® M, here APL is considered
as a quotient of L®P, the skew-coinvariants of SP. The differential d : CP(L, M) —
CPYL(L, M) is given as follows:

o form e M,l € L, (dm)l = Im.

o for a € L*, da : A°L — k is given by (da)(z,y) = —a([z,y]) for z,y € L. It
extends to A*L* as an odd derivative, that is, by the rule d(a A ) = (da) A B+
(—1)des@q A dp.

e it extends to (A*L*)® M by d(w®m) = dw@m + (—1)38“w Adm for m € M,
w e N L.



There is another formula for d. Given w € CP(L, M), z; € L,

(dw) (@1, zppr) = Y (=D w(@, a2, &y B )+
1<i<j<p+1
p+1
Z(—I)H_lfﬂiw(.fl,...,f]z‘,...,l‘p+1)
=1

Then HP(L, M) is the p-th cohomology group of this complex (p-th cohomology group
of L with coefficients in M). The above is the cohomological Chevalley complex.

The homological Chevalley complex is Cp(L, M) = M ® APL with the differential
d:Cy(L,M)— Cp_1(L, M) given by

p
dm @ Ty AL Axp)) =Y (1)zim @ (w1 A AZ A Azp)+
=1
S0 Fm@ (fwg,a] Azt A ANEGA N ERA LA )

i<k
Its p-th homology group is the p-th Lie algebra homology group Hy,(L, M) ([7], Sect.
9.2).

Remark 1.1.16. i) In the above taking M = k we get the complex C := C*(L,k) =
N*L*. It is a commutative DGA. The product map C @ C — C isa® B — a A B.
Recall the standard conventions about cohmological complexes: if K, L are cohomological
complexes, the differential in K ® L is given by d(k ®1) = dk @l + (—1)Pk ® dl, where
ke KP,l € L9. The permutation isomorphism K @ L= L ® K sends k ®1 as above to
(1P R k.

i1) The homological Chevalley complex of C' := Ce(L, k) becomes a commutative DGA
with the product C @ C — C, a @ B+ a A B € APTIL for a € APL, 3 € AL.

We will need in 3.4.11 to think about a homological Chevalley complex as a complex,
where the differential augments the degrees. To this end, we may set K7 = Cp(L, k).
Then K = (... > K_3 — K_1 — Kj). In other words, K = Sym™*(L[1]).

1.2. chapter 2. For Sect. 2.1.7. What they call the de Rham complex is also known
as Spencer complex ([15], 1.4.2). Namely, if M is a right D x-module on X smooth, ©x
is the vector bundle of vector fields then DR(M )" = M ®o, A~'Ox with the differential

k

S(mMELAN...N&) :Z(—l)iflmgi@@gl Ao d NEN NGt
i=1
D (DM & GIA . AGA NG NG
i<j
By ([15], 1.4.4), DR(Dx) is a locally free resolution of Ox by left D x-modules.

1.2.1. For Sect. 1.4.2: for the definition of the left non-degenerate pairing. If () €
Py{V',V},1), B € M then idg ®() € Py({B ® V',V}, B) is defined by applying the
binary map ©{5*% to (id, ()) € P3({B, V", V},{B,1}).
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1.2.2. For 1.4.3. If f : I — J is any map of finite sets, let 7 : ILIJ — J be the extension
of f, which is id on J. Let I = I U x. The pair (I,J) € Q(I U J) is complementary, so
we have the tensor product map ®§'—I’~J given by (1.4.3.1). This is also used in the next

subsection.

1.2.3. For Sect. 2.3.1. T have not found a ”classical” definition of a Dg-scheme. Maybe
a good definition is ([12], Definition 0.5), the notion of a crystal of schemes over a given
smooth scheme S.

1.2.4. passage to Qy-sheaves from D-modules I think in their notations, the right
D-modules should correspond to perverse sheaves. The reasons: 1) if f : X — Y is
affine then f, : DM(X) — DM(Y) is right exact for M" t-structure (sect. 2.1.2); 2)
if X is not smooth, its only the notion of a right D-module on X that makes sense,
Remark 2.1.3.

Now for a map f : X — Y their functors f,, f' given by (2.1.2.1) correspond to f, :
D(X, Q) — D(Y,Qy), f': D(Y, Q) — D(X,Qy). Besides, if both X and Y are smooth,
their restriction functor f* : M¥(Y") — M*(X) is the functor Perv(Y) — Perv(X), M
HO(f'M[dimY — dim X]), where HY denotes the O-th perverse cohomology sheaf.

For example, if f: X < Y is a closed immersion and both X,Y are smooth, F is a
local system on Y then IC(E) = E[dimY] and f'IC(E)= IC(f*E)[dim X — dim Y.

In their notations, M(X) is the category of right D-modules on a smooth scheme.
Under the above correspondence, wy € M(X) corresponds to ICx € Perv(X).

1.2.5. For Sect. 2.2. The !-tensor structure on D(X,Qy), where X is a smooth variety
of dimension dim X is given as in Sect. 2.2.2. That is, for M; € D(X,Qy),

(2) @L§>!,Mi =AD" (RM;[dim X])[— dim X] = D((® DM;[— dim X])[dim X])

If M; are perverse then the latter complex is placed in perverse degrees < 0 (cf. Aster-
isque 100, 4.1.10ii)). Indeed, X — X x X is a regular embedding, so locally in Zarizki
topology on X is given by dim X equations.

They suggest a notation ®!1Mi for the 0-th perverse cohomology of the above com-
plex. It is indeed essential not to get the shifts outside the brackets! For various sign

problems!!! For example, Aut I acts on X! hence on é'[MZ and we want this isomor-
phism to be canonical, hence compatible with all natural things. With this definition,
ICx is the unit in Perv(X) equipped with the ”shift definition of ®'”, that is, ®;e;M;
is the PHY of the complex (2).

If m: J — I is a surjection of finite nonempty sets, K; € D(X,Qy) for j € J then
the maps

Ll L| L|
er @K = @(@,K5)
given by ([1], (1.1.3.1)) are isomorphisms in D(X,Qy). The same also for D-modules.

L _
Let us underline that ®' equips D(X, Q) with a symmetric monoidal structure.
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1.2.6. Let X be a smooth variety. For the category of perverse sheaves Perv(X) on X,
one can define the compound tensor structure on it exactly as in Sect. 2.2. I think an
analog of the middle de Rham cohomology functor will be the functor h : Perv(X) —
Vectg,, h(F) = H°(X, F). With this definition I think it is an augmentation functor
on Perv(X)* with the operation defined as in (2.2.7.1). Is it true that h is reliable (in
the sence of Sect. 1.4.7)?

Drinfeld: for F' € Perv(X) one may also try to consider the sheaf on etale or Zarisky
topology of X associated to the presheaf U +— H(U, F). For Z/{"Z-sheaves, this is
pretty tautological, but not tautological for perverse sheaves over Z; or Q.

The analogy between D-modules and perverse sheaves is not perfect. In particular,
in the constructible world we have no analogs of non-holonomic D-modules.

If B is a k-operad then we get, as in Sect. 1.4.1, the category B(Perv(X)*) of
B-algebras in Perv(X)*. In particular, the categorie of Lie*-algebras and of unital
associative algebras. A Lie*-algebra in Perv(X)* is a perverse sheaf I’ on X together
with a bracket map [.,.] : FX F —A, F, which is anti-commutative and satisfies the
Jacobi identity. The Jacobi identity means that the corresponding map F®3 —A, F
on X3 vanishes.

For such a Lie*-algebra L the category M(L) of L-modules in Perv(X)* is defined as
in Sect. 1.2.13. This is F' € Perv(X) together with an action map LK F —A, F on X2
that satisfies the usual axiom: for l; € L, f € F, l1(laf) —l2l1(f) = [l1,12] f. By Lemma
1.2.14, M(L) is an abelian category. By 1.2.18, M(L) is an abelian pseudo-tensor
category. In fact, it is an abelian compound tensor category by Lemma 1.4.4.

The Lie algebra cohomology of F' € M(L) is defined according to Sect. 1.4.5.

Question. What is the structure of the tensor category Perv(X )!? In particular, it
contains inside the tensor subcategory of local systems on X, I think.

By Remark 1.3.15, the tensor category Perv(X)' acts on Perv(X)*. The action
map Perv(X)' x Perv(X)* — Perv(X)* sends (F,N) to F ® N. So, for example
a commutative algebra F' € Perv(X)* yields a pseudo-tensor functor Perv(X)' —

Perv(X)*, M — M @' F.

1.2.7. For 2.6.1. Let L be a Lie algebra in Perv(X)*, recall that M(X, L) denotes the
category of L-modules in Perv(X)*. The tensor structure on this category is defined
as in 1.4.4: if M, N € M(X, L) then M ® N € Perv(X) is a L-module, where L acts
by Leibnitz rule. Namely, for surjections 7 : {1,2,3} — {1,2}, = : {1,2,3} — {1,2},
€:{1,2,3} — {1,2} with 771(2) = {2,3}, 7= }(1) = {1,2}, £71(2) = {1,3} we have a
cartesian squares

(m) (1)
X2 4y x38 X2 4y x3
T TA(T") T TA(Q
X A x? X A x?

Write aps, an for the L-actions on M, N. We get maps

LRM& NS A (LRMRN)1] X' (MRN)1S a, (M @'N)
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and
LR(Me' NS oA (LRMRN) 1] BaD'a® (MRN)[1]S o, (M 'N),

where all the functors are understood in the nonderived perverse sense. Their sum is
the desired action map of L on M ®' N. Maybe there is a better way to write taking
into account signs.

Definition 1.2.8. A coisson algebra in Perv(X) is a unital commutative algebra A in
Perv(X)' together with a structure of Lie algebra {.,.} on A € Perv(X)* such that the
maps AR'A — A and 14 : IC — A are morphisms in M(X, A), that is, these morphisms
commute with actions of the Lie algebra A. Of course, the action AKIC —A, A is the
zero map. So, for a,b,c € A we have {a,bc} = {a,b}c+ a{b,c}.

1.3. For chapter 3. Work over an algebraically closed field k. We will ignore the Tate
twists everywhere.

1.3.1. For Chiral operations (Sect. 3.1.1). If X is our curve, j : UD) — X! is
an affine open embedding, so j. is exact for the M" t-structure on D-modules. For
this reason the functor P&"({L;}, M) defined in (3.1.1.1) is left exact in each variable
€ M(X).

If 7 : J — I is a surjection of finite sets, they denote by A(™: X! — X the diagonal,
i UW) < X7 the complement to all the diagonals, and

U™ = {(z)) € X7 | wj, # ajp, if 7(j1) # 7(j2)},

j(”) U™ 5 X7 So, UD c U™ < X7, and the square is cartesian

X1 A<(—W>) X7
140 T4
vd) < o

One defines the pseudo-tensor category Perv(X)°" as in 3.1.2. The augmentation

functor Perv(X)®" — Vecty, sends F to H’(X, F'). The structure map
hi, : PPR({Li}, M) ® h(Liy) = P ({L}, M)
sends ¢ : jg)j(”*(ﬁjLi) —>A>(k1) M to the composition
HO(X, Lip) © (50007 &, L) = pr, 54050 (@ L) ™70 M,
where pr : X! — X170 ig the projection.

Remark: If J — I is an isomorphism of finite nonempty sets, then the composition
map Pf"({L;}, M) @ (91 P{*(Kj, Li)) = P§"({K;}, M) is the evident one. Namely, we

are given maps ¢; : K; — L; and 1) : j,(f)j(l)*(&l}i) — M. The composition is

A0 2 5050 ®L) S M
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1.3.2. The projection formula for the derived !-tensor product in D(X, Q). Let f : X —
Y be a morphism, F' € D(X,Qy),G € D(Y,Qy). Then, understanding the functors in

L L
the derived sense, we have (f.F) ®'G= f.(F ®'f'G). More precisely, this would be

L
true if we understand ®!]Li as D(®;DL;), without any shifts!
For the ”shifts definition in the derived sense” of ®', we get the isomorphism

(3) (f.F) $'G= f.(F '1'G)[dimY — dim X]

This is canonical because the symmetry between the two factors in the tensor product
is broken!

Now assume f is an affine open immersion and F,G are perverse sheaves. Then
passing to the O-th perverse cohomology sheaf, we get an isomorphism of perverse
sheaves (f«F) ®@ G= f«(F ®@ f'G), where now f, is understood in the non derived
sense (here we may use either the definition with shifts or without them).

This is used in Sect 3.1.3 (In Sect. 3.1.3 and around by the tensor product in M(X)
they understand the !-tensor product of D-modules). For any N, A; € Perv(X), one
has an isomorphism

(4) (0P My e (®A4)S ol (V! (954) ® A

in Perv(X). Recall that ®}A; is defined as the 0-th perverse cohomology sheaf of
ADY (R A 1)) [-1] by (2.2.2.1), here H¢ denotes the d-th perverse cohomology sheaf.
For M;, A; € D(X,Qy) one has canonically

L N L
(R M;) @' (R 4;) = (B (M; ©'A5)) @ A
The action of Perv(X)' on Perv(X)" is defined as in Sect. 3.1.3, namely as follows.
Given ¢ : jg)j(l)*(ﬁfMi) —A. N and A; € Perv(X), applying A', where A: X! —
X' x X! is the diagonal map, we get from

) (D Rid
FD 0% (R M;) R (27 4;) 5 (a0 N) R (R7A;)

the desired map
FD DR, (M; @ 4)) o) N @ (@) 4y)

1.3.3. About the Cousin complex, Sect. 3.1.5. One of its definition is found in [8].

Consider in the case of Qg-sheaves the following situation. Let Y be a stack with a
stratification by Y = U>0Y) such that the closure Y,, = Uk>m Y. So, Yy is open and
dense in Y. Assume the inclusion j,, : Y;, — Y is affine. Let F' be a perverse sheafon Y.
Assume for any m > 0, j;;, F' is placed in perverse degree —m. Let Fy,, = (jm )10, F[—m)],
so Y € Perv(Y). Then the following complex

.o > Fy—>F =0

is an exact sequence of perverse sheaves on Y. The transition maps in the complex are
as follows. Let Y|, ) = Uk<i<mYi- Then Yy, is closed in Yj,,_1 ], and its complement
Ym—1 is open in Y, _1,,). This gives an exact triangle on Y, 1,

(jmfl)!jjn—lF - F ‘X/[m—l,m]g) (]m)']:;sz
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where we used the *-restriction to Y[,y ). We extend the latter by zero to Y, this
gives the transition maps.

We can also dualize the above exact sequence, then we get the following claim.
Let F be a perverse sheaf on Y such that j,!ni}" [m] is perverse for any m > 0. Set
Fm = (Jm)«jinFm], this is a perverse sheaf on Y. The exact triangle

(m)edm¥ = F Iy, g Um=1)edm 7,

which we extend to Y by x-extension, gives the transition maps, and we get the exact
sequence

0=-F=>Fpg—>F1— ...
of perverse sheaves on Y.

Example appearing in 3.1.5. Let I be a finite set, assume X is a curve. Consider
Y = X' with the stratification given by all the diagonals. Take now Y;, be the closed
subscheme, the union of all the diagonals of dimension <| I | —m, and Y, = Y;, — Yu1.
The open immersion j,, : Y;, — Y, is affine. Take § = IC on Y = X!. Then
ji IC yr = IC[—m], and we get the exact sequence

0= ICxs = (Jo)« IC = (j1)« IC — ... = (Jj1j-1)« IC

If dim X > 1 then the above does not work! That seems to be a first place where
the assumption dim X = 1 made on p. 157, Sect. 3.1, is used!

1.3.4. Asin 3.1.4,if A\; = (Q[1])®![— | I |], Aut I acts on this line by the sign character.
One has canonically ICE ®\; = ICys. We have an exact sequence of perverse sheaves

0—1IC — 4,7 IC -A, IC — 0

on X? (we ignore the Tate twists). This gives A\ = Hom y2(j.j*(ICX), A, IC) for a
set I of 2 elements. Let

] € Homye(j.j*(ICx K1Cx), A IC)

be a generator given by an order I = {1,2} on the set I. It is skew-symmetric.
For the proof of 3.1.5: the beginning of the Cousin complex on X3 is

(j0)d5 IC® @A3 — (j1)« IC — (j2)+ IC

Write the equivalence relations (1 = 2) on I = {1,2,3} as {12,3}. Then the con-
struction is that on any quotient 7 : I — J of order 2, the element j € J such that
| 771(j) |= 2 should be smaller then the second element of J. Then further pick an
order on the fibre 771(j). This yields an order on I, the lexicographical one. This
order on [ can be seen as a permutation o, what matters is sign(o). The corresponding
summand is (—1)Sign(a)[[,]ﬂ,—l(j),’L.], where J = {j,i} and 771(j) has 2 elements. We get
the Jacobi identity!

The Cousin complex on X' is easier to write for the dualizing copmplex wy: €
D(X',Qy). Namely, if | I |=n then it is the complex

DGOy = @ AU DO e @ AU DGO e

TeQ()n-1 TEQ(I)n72

where Q(I), is the set of equivalence relations on I viewed as I — J with J with m
elements. This is a resolution of wy: by their Section 3.1.5.
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1.3.5. For 3.1.6. See my note on the category of special perverse sheaves (it is an
abelian category for any scheme with a finite stratification).

If P is any k-operad, that is, for a finite nonempty set I, P; is a k-vector space,
and the compositions are k-linear, we can define the following category. Pick a finite
nonempty set I. Let Q(I) be the category, whose objects are quotients I — S, and a
morphism from S to T exists if T' is a quotient of .S, in which case Homg)(S,T) =
®terPs,. Then Q(I) is a k-linear category. Given S = T 5 J, the composition
Hom(T', J) ® Hom(S,T') — Hom(S, J) is the composition map Pr,; ® Pg/p — Pg; ;.

1.3.6. For 3.1.12. If M € Perv(X) then for A: X — X x X one has canonically
A" (ICRM)[1]= M (even in the derived category, not only on the level of abelian
categories of perverse sheaves). For any M € Perv(X) we have an exact sequence
of perverse sheaves 0 — ICKM — j,j*(ICKM) —A, M — 0 on X x X, where
j:U® < X x X. This gives the unit operation ey € PsH({IC, M}, M).

Their 3.1.13 is a great phenomenon. It says that for a finite nonempty set I and
¢ € Ph({M;}, N) we should think about the composition ey¢ € PIE’h({ICX,Mi},N)
as the derivative of ¢. Here I = I LI x. i

The exact sequence (3.1.13.1) is the short exact sequence of perverse sheaves on X'

0 — ICx R0 (®,0;) — 50D (10 x R(R;M;)) — @ ol 5050 (=, M)

Here A": X! — XT x I is the graph of i-th projection, i : UD — XT s the
complement to all the diagonals, and similarly for j(O) : U() < X! Here M; € Perv(X)
fori e I.

1.3.7. For 3.2.2. It seems in many places in Sect. 3 they abbreviate ®' to ®, for
example, in 3.1.3 and 3.2.2. For perverse sheaves, the map Perv(X)'®Lie — Perv(X)®
is defined as the following extension of the identity functor. For a finite nonempty set
I, Ljy M € Perv(X) the map

a; : Hom(®'L;, M) ® Lie; — Hom(;\"(D* & L;, AV M) = P ({L;}, M)

is defined as follows. Let ¢ € Hom(®'L;, M),v € Lie; = P{*(IC). Recall that we
have IC®'j(DF = j(DF for any F € Perv(X!), where ®' is understood in the ”shifts
definition” sense. So,

30,0 = 010 @O ®, L) = (0 10) @' (R, L) =

iD®,10) & (L) © A S (0D 10) & (8 L) @ A

2D (1 (@' L)) o (@'L) S0 M

Here the last isomorphism in the 2nd line is (4).
It is clear that the above map «a; is injective. Indeed,

;00 ®,10) — (ol 10)  Lie}
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is surjective, here Lie} is the vector space dual to Lie;. So, the corresponding chiral
operation lies in the image of «y iff the map jiI) GU )*(ﬁLi) —>Ag) M factors through
the quotient

i3 0M@L) = (a1 (8'Ly) @ Lie
(here ®' is understood in the ”shifts definition sense”).

1.3.8. For 3.2.3. On our curve X the functor
L
Perv(X) x Perv(X) — D(X), L1, Ly —A' (L1 K Ly)[1] = Ly @' Ly

is not exact for the perverse t-structure. For example, if i, : {x} — X then

_ L, _ _
i01Qe® i21Qe = i1 Qu[1]
is placed in perverse degree —1. For this reason it seemed surprising for me that
0 — Pylie — Psh 5 Py is exact. But this is easy:
For L; € Perv(X) the triangle is distinguished L; 8 Ly — j,j*(L1 X L) —A,A'
(L1 X Ly)[1], where ! is understood in the derived sense. So, using the ”shifts definition
of ®, one gets an exact sequence on X2

0— H (a0 (L1 K Lo)[1]) = Ly K Ly — j.j* (L1 K Ly) =4, (L @ Ly) — 0,

here H* denotes the perverse cohomology sheaf. So, for M € Perv(X) the sequence is
exact 0 — HOmX2(A* (Ll ®! LQ), AW M) — PCh({Ll, LQ}, M) — P*({Ll, LQ}, M)

1.3.9. For 3.24. Let Ly C ... C L, = L be a filtration on L € Perv(Y), Y smooth of
some pure dimension, M € Perv(Y). Set V; = L;/L;_;.

Lemma 1.3.10. There is a filtration {W;} on L&' M with natural surjections V; @' M —
(W;/Wi_1) @ M, here we use the ”shifts definition of ®"'”, so that @ is right ezact.

Proof. Abbreviate ® = ®. This is a general phenomenon, any abelian category A and
the functor A x A — A right exact in each variable. We define by induction quotients
Vi® M — V; ® M and the corresponding filtration.

First, 0 — V-1 — L,/Ly,—2 — V, — 0 yields an exact sequence V,_; @ M —
(Lp/Lp—2) @ M — V, ® M — 0. Hence an exact sequence 0 — V,,_1 @ M —
(Lp/Lp—1) @ M — V, ® M — 0, where V,,_1 ® M is the image of the first map,
and V,, @ M =V, ® M.

Now 0 — Vy,_9 = Ly /Lp—3 — Ly /Lp—9 — 0 gives Vo @ M — (Ly/Lyp—3) @ M —
(Lyp/Lp—2) @ M — 0. Denote by V,,_o ® M the image of the first map. We get a
filtration on (L,,/L,—3) ® M with succesive quotients V; @ M for i =n —2,n — 1,n.

Now continue with 0 — V,,_3 — L,,/Ly—4 — Ly /Ly—3 — 0 and so on. O

1.3.11. For Sect. 3.3.1. If X is a smooth scheme, we have the tensor category Perv(X)",
and Com'(X) := Com(Perv(X)') is the category of nonunital commutative algebras in
Perv(X)'. Here for L; € Perv(X), L1®'Ly = H(A" ((L1[dim X])X(Ly[dim X]))[~ dim X]),
where H® denotes the 0-th perverse cohomology.

Difficult question. Given A a commutative algebra with unit in Perv(X)', can we
define Spec A, to which extend we can localize? I mean for D-modules there is a notion
of a Dx-scheme, what is the analog of this notion for perverse sheaves? More precise
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question: if say A = F[dim X], where E is a local system, then E becomes a sheaf of
commutative algebras with unit on X, so for each z € X we get a Qs-algebra E,, and
we have the set Spec E,. What is the analog of this set over those points where A is
no longer smooth?

1.3.12. For 3.3.2. Let A be a Lie algebra in Perv(X)¢", we write simply Lie®" algebra.
Then H%(X, A) is a Lie algebra over Qy, and it acts on A by the adjoint action. Namely,
if w: juj* (AR A) —A, A is the chiral product then taking the direct image under

X2 28 X, we get the action map H?(X,4) ® A — A in Perv(X). The latter map
depends only on the Lie*-bracket 5(u).
For 3.3.3. If A is a Lie®"-algebra (in Perv(X)) then a unit of A is a morphism

14 : ICx — A in Perv(X) such that the composition {ICx, A} tayd {A, A} B Ain
Perv(X)" is the unit operation e4 from 3.1.12.

Notation: Lie?®(X) the k-category of Lie algebras in Perv(X)®", and CA(X) C
Lie®"(X) the subcategory of chiral algebras (with unit) and morphisms preserving units.
This is not a full subcategory, I think.

If A € Perv(X) then a morphism ICx — A is completely determined by its restriction
to the generic point. Indeed, if i : Z < X is closed (with dimZ =0) and j : U — X is
the complement then j is affine, and 0 — H°(i*A) — A — j,j*A is an exact sequence
of of perverse sheaves with Hom(ICx, H’(i*A)) = 0.

Note that if A is a Lie algebra in Perv(X)", which vanishes at the generic point of
X, then A = @ | A,, for some distinct points x1,...,x,. Here we identify the *-fibre
Ay, with 41Ay, for i : {z;} — X. Then j*(AX A) = ©;2;As; ® Ay;. So, any map
J«J (AR A) = A, A vanishes. So, A can not have a unit, because the composition

(5) Gt ICRA) M5 (AR A) »A, A

must be surjective. So, A is not a chiral algebra. Thus, a chiral algebra does not
vanish at the generic point of X. If A is a chiral algebra (and A # 0) then the unit
14 : IC — A does not vanish at the generic point. Indeed, otherwise, 14 = 0 and the
composition (5) would vanish.

If A is a commutative chiral algebra (with unit) on X then the unit axiom says:
14 — A is such that the composition 4 = IC®'A lagid 4 ®' A — A is the identity.
The proof of the uniqueness of unit in A in this case is the same as in any commutative
algebra: if 14,1’y are units then 14 = m(14 =) 1) =1, wherem : A ®' A — A is the
product map.

If A is a Lie algebra in Perv(X)®" and 14 : IC — A any section then the composition
14Kid

ICKA — j,j"(ICKA) =" j.j"(AX A) —A, A vanishes, because Hom y2 (ICXA, A,
A) = 0 for any perverse sheaf A € Perv(X). So, we get the map, say

14: 70" (ICKA)/(ICKA) =A, A 54, A
Then 14 is a unit section iff 14 =id: A — A on X.

Lemma 1.3.13. Let A be a Lie algebra in Perv(X)". If a unit section 14 : IC — A
exists, it 1S unique.
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Proof. We have an exact sequence 0 — ICKIC — 5,5*(ICKIC) gA* IC — 0, where
[,] is a canonical generator of Lies (see Sect. 3.1.5). Let 1,1’ : IC — A be unit sections.

The composition j,j*(ICKIC) = J«J (AR A) — A, A factors as j,.j*(ICKIC) gA*

1C il)A* A. On the other hand, applying the same for 1’1 instead of 11/, we get that
the compositions j,j*(ICKIC) @A* IC lﬁlA* A and j,5*(ICXIC) gA* IC LA, A are
the same. So, 1 =1". O

They write Comu'(X) for the category of commutative unital algebras in Perv(X)".

1.3.14. If T is a 2 elements set and A is a Lie"-algebra on X then on X! we get
a canonical morphism j,j*(A[1]®!) —A, A[2]. Indeed, A[1]® = (A®) @ A\;[2], and
Lie; = A7 canonically, because Aut; acts on Lie; by the sign character. So, the map
Lie; — Pf"({A, A}, A) is a distinguished element in Hom(\; ® j.j*(A¥), A, A). This
is used in 3.4.11.

1.3.15. Let A € CA(X) be a chiral algebra. An A-module is M € Perv(X) together
with an action g : j.j*(A X M) —A, M such that this is a Lie®®-action of a Lie“"-
algebra, and the composition j,j*(ICXM) 15 J«J (AR M) —A, M equals the unit
operation € from Sect. 3.1.12.

A morphism of A-modules is just a morphism f : M — N in Perv(X) such that the

diagram commutes

Jei (ARM) ¥ A, M
Jamf 17
Jei(ARN) 8 A, N

If A is a chiral algebra as in ([1], 3.3.4) write M(X, A) for the category of chiral A-
modules. This is an abelian augmented pseudo-tensor category.

1.3.16. If E is a local system on our curve X, and A = EJ[1] is a chiral algebra then A
is commutative. Indeed, Homy2(AX A, A, A) = 0.

1.3.17. For Remarks at the end of Sect. 3.3.4. Recall that Perv(X)' acts on Perv(X)<",
see my Sect. 1.3.2. Now if A is a chiral algebra, M € M(X,A), N € Perv(X) then
N®'M is naturally an object of M(X, A), here we are using the ”shifts definition of ®"”.
Indeed, the pair {IC, N} for {A, N} via the above action applied to p : j,j*(AXM) — A,
M vyields a map (taking into account that A ®' IC = A canonically)

Ji (AR (N @' M)) >4, (N @ M)

which defines a structure of a Lie””-module on N @' M. They claim that automatically
N &' M e M(X, A).
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1.3.18. For 3.3.7. Let A be a chiral algebra and M € M(X, A). The augmentation
structure on Perv(X)°" yields from p : j,j*(AX M) —A, M a morphism H(X, M) ®
A — M. We also have by restriction of x a morphism Homx (IC, M) ® A — M. More
precisely, given m € Hom(IC, M) the composition A X IC iaxm JsJ (AR M) -0, M
vanishes, so induces a map A®'IC = A — M. The kernel of this map is called Cent (m)
the centralizer of m. This is a chiral subalgebra.

To give m : IC — M on X means to give a ”horizontal section” of M.

3.3.7, Exercice ii) means that the map Homyx 4)(A4, M) — Homy (IC, M) sending

f to the composition IC M AL Misan isomorphism of vector spaces.

They say that Cent(m) for a given local section m € Homy (IC, M) (for some open
U C X) have etale local nature, so we can define the perverse subsheaf of those a € A
that commute with any local section m € Homy (IC, M). It is denoted Cent(M), the
centralizer of M, this is a chiral subalgebra of A. The centralizer Cent(A) is called the
center Z(A) of A. This should be a commutative chiral subalgebra of A I think.

1.3.19. If A € Perv(X) is smooth then any chiral algebra structure on A is commutative,
because any Lie*-algebra structure in trivial.

1.3.20. For 3.3.12. This seems a useful thing! Let A be a Lie algebra in Perv(X)". A
filtration on A is an increasing filtration A9 C A1 C ... C A such that U;A; = A and
1(j3*(A; ® Aj)) CAx Airj. Then grA is a Lie algebra in Perv(X)“". If A is unital,
that is, a chiral algebra, unless is stated otherwise, they assume 1 € Ag. Then grA is
a chiral algebra. This is further used in 3.7.13.

If the chiral algebra grA is moreover commutative then grA has a structure of a
coisson algebra: the coisson bracket {.,.} € P5({4;/Ai—1,A;/A;_1}, Aitj—1. Namely,
the Lie bracket [.,.] : A; K A; —A. A;j—1 of AY® induces the desired map {.,.}.

1.3.21. Factorization. Let X be a smooth projective geometrically connected curve.
Recall the definition of the Ran space R(X). One considers the category 8, whose
objects are finite non empty sets I, and morphisms are surjections w : J — I. Let
PreStk be the category of prestacks over k. We have a functor § — PreStk sending
I — X! and a surjection 7 to the diagonal map AM=A/D. XTI — X7 Then
R(X) = colimyego X7

1.3.22. The first definition of perverse Qg-sheaves on R(X) is from ([1], 3.4.2). We need
first to associate to each finite nonempty set I a Q-line n; placed in cohomological
degree — | I | with the following properties. We want that for any surjection of finite
nonempty sets w: J — I, ny— (21977 s, canonically. In particular Aut([) should acts on

nz. For a finite nonempty set I set n; = (Q[1])®’. Recall their line \; defined in Sect.
3.1.4, we have A\ = ns[— | I [].

A perverse Q/-sheaf on R(X) is a data for any I € 8 of a perverse Qy-sheaf Fy:
on X! and for any surjection 7 : J — I of finite nonempty sets (so, A(™: XT — X7 of
an isomorphism

(6) RN Fxs®n5—= Fxr ®n;p
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compatible with compositions of 7’s. Here the inverse image is understood in the
"non-derived perverse sense”. That is, for any perverse sheaf M on X7 the complex
A M[dim X7 — dim X'] is placed in perverse degrees < 0 and the isomorphism (6)
says A Fys @n; @ 77[_1 — F'x1. Here the LHS is the 0-th perverse cohomology of the
derived pullback with the corresponding shift. If we forget the actions of Aut;, Aut;
then the latter is A™' Fys[dim X7 — dim X!] = Fy.

It is required that for the divisor of all the diagonals i : D C X' the complex i'Fyr
is placed in perverse degrees > 0. (apriori, it is placed in degrees > 0). Write M(R(X))
for the category of perverse sheaves on R(X). This is an exact tensor Q-linear category.
Compare with the definition of a perverse Q-sheaf on any prestack! If F' € M(R(X))
then for w: J — I in 8 the group Aut(J/I) acts trivially on A" Fy; @ ;.

For example, take F'yr = X;IC. This gives the perverse sheaf 1Cg(x). Indeed, to
construct v, we are reduced to the case of I = {1,2} and the diagonal A: X < X2. In
this case A' (IC[1] K IC[1])[-1] = IC ®'IC = IC canonically!

Actually, if F' is a perverse sheaf on R(X) then for any = : J — I as above Al
Fys[dim X7 — dim X'] is perverse, and A(™' can be understood in the derived sense.
This is proved by induction passing to a diagonal of codimension 1 several times.

For convenience, given F € M(R(X)), for I € 8 set Fy: = Fy: ® A;. Then for
7:J — Iin 8 we get A" Fys[dim X/] = Fyr[dim X!]. This is an alternative way to
write down a perverse sheaf on R(X).

Remark 1.3.23. Let f:Y — Z be a morphism with Y, Z smooth of pure dimensions.
If F; € D(Z,Q)),G; € D(Y,Qp) are equipped with f'F;[dim Z] = G;[dimY] then we

L L
have canonically f'(F; ®'Fy)[dim Z] = (G ® 'Go)[dim Y], where we used the ”shifts
L
definition” of ®.

So, the tensor product on M(R(X)) is as follows. Given F,G € M(R(X)), F®'G €
M(R(X)) is such that for I € 8,

(7) F®!le:Fxl ®!le,

where the tensor product is understood in the nonderived sense.
An analog of Lemma 3.4.3 holds:

Lemma 1.3.24. Let F be a perverse sheaf on R(X). Let I € 8. Let £ :V C X!
be the complement to all the diagonal strata of codimension > 2. The natural map
Fxr — 0.0 Fx1 is an isomorphism, where ¢, is understood in the nonderived perverse
sence.

Proof. By definition, Fyr — £,.0*Fx1 is injective. Let C' be the cokernel of this map.
Let w: 1 — J in 8 be such that C' does not vanish at the generic point of the diagonal
X7 c X!, but vanishes on the complement to all the diagonals of dimension <| I |.
Then the 0-th perverse cohomology sheaf of A" Fy;[1] = Fys ®ny®n; *[1] is nonzero
(at the generic point of X”). So, | J |=| I | —1, a contradiction. O

1.3.25. The definition of factorization algebras from ([1], 3.4.4) makes sense also for
perverse Qg-sheaves. For a finite nonempty set J they denote by /) : U] < X7 the
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complement to all the diagonals, that is, U//7] for the identity map J — J. For a
surjection 7 : J — I of finite nonempty sets they write U/l = U™ = {(z;) € X/ |
xj, # xj, if 7(j1) # 7(j2)}, and j/ = ™ U/ <y X7 for the open immersion.

Let B be a perverse sheaf on R(X). A factorization structure on B is a rule that
assigns to every such 7 : J — I an isomorphism

(8) /1) LGy Byay) = 5 By

They demand the ¢’s are mutually compatible: for a surjection K — J the isomorphism
cik ) equals the composition cix,(Keig, /z,)), that is, the diagram commutes

RByx, 5  Byx

(9) N1
‘?BXKM

where we omited the restrictions to UX/7l. Here UK/l ¢ U/ = XK Besides, it
is required that ¢ is compatible with v. For every J — J' — I one has the cartesian
square

gum < x
(10) 1 t
g o x7

It is required that v(//7") oG/ c/n = c[J//I](XV(Ji/Jz{)) in the diagram

SN @By @ng) S AU @By @ny T AU By @y
(11) \J b

e
®B, y@ny) — BB ) @ny o Byy @ ny

The left vertical arrow is the map % vJi/7D) . We have used here for AVi/7D: X/t — X/

the isomorphisms
V(Jz‘/Ji/) :A(Ji/‘]z{)! FXJ'L ® nJ; A_;FXJZ{ ® 77']1{

We also used the factorization property of the line 1, see the previous subsection.

If B is a perverse Qg-sheaf and factorization algebra on R(X) in this sense, for any
finite nonempty set I we get Byr C jiI) 70 (Bx)®!, because it has no local subsections
supported on diagonals. The factorization algebras form a tensor category FA(X). But
we insist that the tensor product of two factoirzation algebras is given by (7).

The evident tensor structure on Comu!(X ) coincides, when we transalte them into
factorization algebras, with the above tensor structure on commutative factorization
algebras.

1.3.26. In the definition of a factorization algebra on R(X) (p. 175) the requirement
for the factorization structure to be unital is local. Namely, it is required that there
is a global section 1 = 1p : IC — Bx such that the map ICKBx — j.j*(Bx X By)
factors through Byz, and applying A' to the map ICKBx — By2 and using v we
get the identity map id : By — Byx. We used here that IC ®'Bx = Bx canonically.
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This is their requirement v(®(A' (1K f)[1]) = f in Bx. Here we destroyed the
symmetry in the set {1,2}, because 1 X f is not symmetric.

1.3.27. For 3.4.5. The second description of factorization algebras for perverse Q-
sheaves. Assume we are given a rule that assigns to each I € S (a possible empty finite
set) a perverse sheaf By: € Perv(X7), and to every map 7 : J — I in § a morphism of
perverse sheaves

(12) V1P (A Bys) @ ny — By @,

here H™P denotes the top perverse cohomology sheaf. Suppose also we are given iso-
morphism of perverse sheaves (8). The properties are required:

e (™ are compatible with compositions of 7;

e for 7 surjective (™ is an isomorphism;

e for K — J — I in § the diagram (9) commutes over UX/7].

e for J — J' — I in § the diagram (11) commutes, where now v are not necessarily

isomorphisms (the diagram (10) is still cartesian);

e the By have no nonzero perverse subsheaves supported at the diagonal divisor;

e Byo #0.
The latter property yields a canonical isomorphism Byo — Q. For 7 : 0 — {1} = I
we get A™: X — Speck, and v(™ : IC — By is the section 1. This is the same as a
factorization algebra.

Note that A(™! Bys ®ny is placed in perverse degrees < — dim(XI), so the datum

of (12) is the same as a map

V(W) :A(W)! Bxs®n; — Bxr ®nr

in the derived category, where A(™' is understood in the derived sense.

Note also that if 7 : J — I is injective then A(™: XTI — X7 is smooth, so that
Al By ®ny is placed in perverse degree — | I |, and in this case no need to pass to
the top perverse cohomology sheaves.

1.3.28. For Sect. 3.4.6. The third description of factorization algebras. Let Aff
be the category of affine schemes over k. Let QCoh be the category whose objects are
an affine scheme Z € Aff and a quasi-coherent sheaf F' on Z. The map QCoh — Aff is
a cartesian fibration. So, QCoh — Aff is a fibred category.

Let C(X) be the category whose objects are pairs Z € Aff and an element of C(X),
an equivalence class of an effective Cartier divisor on X x Z/Z proper over Z. A
morphism from (Z/, D" — Z x X') to (Z,D < Z x X) is a morphism f : Z/ — Z in Aff

such that the composition D] _, — Z' x X X4 7« X factors through Doy — Z x X.
Then C(X) — Aff is a cartesian fibration. The corresponding inverse image functor
between the category fibres sends D «— Z x X to its pull-back under Z’ x X — Z x X.

We need to consider perverse sheaves instead of quasi-coherent sheaves. Let now
Aff,,, denote the category of affine k-schemes of finite type, which are smooth of pure
dimension. Let Perv denote the category, whose objects are pairs Z € Aff,,, and
F € Perv(Z). A morphism in Perv from (Z', F’) to (Z,F) is a morphism f : Z' — Z
in Aff and a morphism F’ — H!P f'F[dim Z — dim Z'], here H!” is the 0-th perverse
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cohomology sheaf. (Indeed, write f as the composition Z’ 3 Zxz2 7z , where I'y
is the graph of f. Since pr' has perverse amplitude —dim Z’, and F!f has perverse
amplitude < dim Z, our claim follows). They compose naturally, and Perv — Affy,, is
a cartesian fibration. Denote by €(X )y, the restriction of €(X) to Affy,,.

Consider a pair (B, ¢), where:

i) B : C(X) — Perv is a functor over Affy,,, which sends a cartesian arrow to a
cartesian one. So, B assigns to each (Z, D) € C(X)gm, where D — Z x X is an
effective Cartier divisor proper over Z, a perverse sheaf Bp on Z. If D' < D
in C(X)z then we have a morphism Bp — Bp, and everything is compatible
with base changes. In particular, we have for each n > 0 the perverse sheaf
By (n) on the symmetric power X (),

ii) cisarule that assigns to every pair of mutually disjoint divisors Dy, Dy € C(X)z
with Z € Aff,,;,, an isomorphism cp, p, : Bp, ® Bp, = Bp,+p,, where @' is
understood in the nonderived sense. It is required that ¢ are commutative and
associative in the obvious manner and compatible with the morphisms from 1i).

Remark 1.3.29. If Z I 70 5 7 are morphisms of smooth schemes of finite type
and pure dimension then for the functor f' := H!P(f'[dim Z' — dim Z)) : Perv(Z') —

2| ~—F! . .
Perv(Z) we have f'g' = gf . This is always true for trangular functors between trian-
gular categories, which are right exact for fived t-structures.

They further assume that By») has no perverse subsheaves supported on the diag-
onal divisor, and By # 0. The latter property gives By ) — Q. The equivalence of
tensor categories (3.4.6.2) still holds.

The relation with second construction: assume we are given a functor F' : C(X) —
Perv satisfying the above properties. For a finite nonempty set I we have the universal
divisor D; C X' x X, it gives the perverse sheaf Fiyr on X'. Define Bys by By ®n; =
Fyi[dim XT]. If 7 : J — I is a surjection of finite sets, A(™: X1 — X7 is the diagonal.
Let Dj be the preimage of D under X''x X - X7 x X. Then D; ~ Dy, hence we
get an isomorphism

Fyi[dim XT] = A™' Fyy[dim X 7]
It yields the desired isomorphism By ® ny — A Bxs®mny.

If 7 : J — I is not necessarily surjective morphism then in the above we get D; < Dy,
hence a morphism A(™' Fy;[dim X7/] — Fy:[dim X!]. Tt yields the desired morphism
A Bxs®n; — Bxr @n;.

Now consider for a surjection 7w : J — I the open part U™ — X7 let p; : U™ —
X7 be the projection for ¢ € I. Let D ;, denote the restriction of D ; under UM x X —
X7 x X. For each i € I we have the divisor D; := Dy, — X7 x X, let D; be its
restriction to U(™. Then Dj, = > ; D;. Now F p, [dim U (M] = piBp, @1y, on UM,
We have the isomorphism

c:Fp,, = ®) Fp = &' (8(Fp,[dim U™]))[— dim U™
for the diagonal A: U™ < [, U™. So,
A (Ri(p;Bp, ® 1,) = Bp, ® 17 |yt
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over U™ Since Kp! = ([[p:) and the composition U™ N [1, U™ B T is the
canonical inclusion, it yields the desired isomorphism (8) over U™,
1.3.30. For the canonical connection in 3.4.7. The section 1 € Byy is horizontal.

Indeed, we have as in (3.4.5.2)(f), Byo ® Byo — By, this is an isomorphism of D-
modules over Speck, and 1 € Byq, but {2/, = 0, so 1 is a horizontal section in Byg.

Now for a finite set I, ) — I yields A: X! — Speck, and O =a* Byo — By is a
morphism of D-modules, so d(1) =0 in Byr.

1.3.31. For 3.4.8. Let B be a factorization algebra on X. Then for a finite nonempty
set J consider A(Y): X — X7. Recall the line \;j[dim X’] = 5;. By the projection
formula (3), we have

(AS;’) IC) ®' By = Ai‘]) (IC ® AW BXJ)[dimXJ — dim XJ,

here dim X = 1 and the ®' product is understood in the ”shift sense” (derived or
nonderived, this is the same). The above gives

(b 10) @' Bys @2\ oY) (10! AP Byy @ A))[dim X7 — dim X] = al”) By
Note that A(y = Qy canonically. We have
DB = O (CY) @ By @ Ay,
because of the factorization isomorphism c. So, we get maps
Lie; = P§"(ICx) — P$"({Bx,..., Bx}, Bx)

compatible with compositions. So, Bx acquires a LieCh—algebra structure. The unit
section 1p : IC — Bx is the unit of Bx, so Bx is a chiral algebra. -
Their equivalence FA(X)—= CA(X) from 3.4.9 should hold also in the Q-setting.

1.3.32. For 3.4.10. The category M(X?) is defined as the category, whose objects are
collections (M, 6), where for each I € 8§, My € Perv(X') and for each map 7 : J — I

in 8, 9(™) :Aff) Myt — My is a morphism in Perv(X”) such that (™) are compatible

(1) (m2)
with the compositions of 7’s. That is, if Jo = J; = I then for X' AL XA xR
the diagram commutes

(m3)
NN Y S N CON
N 0 1o

MXJ2

In Sect. 3.4.10 we have a beautiful example of a colimit: the functor a, : M(X5») —
M(X?®) left adjoint to the projection M(X®) — M(X®). Let I € § and n <| I |. Then
we take the inductive limit over the ordered set Q(I,< n). We have the set Q,(])
of quotients of I of order n, so @Q,(I) C Q(I,< n) is a subcategory, and Q,(I) is a
set, there are no nontrivial morphisms. So, for an object (N,6) € M(X®") we have
©1eQn(1)Nxs = colimjeq, (1) Nxs — colimjeq(r,<n) Nxo naturally, this is a surjection.
We have to quotient by some relations.
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If M € M(X$) then for any isomorphism 7 : J — I in 8 the map (™) NG Myr —
M5 is an isomorphism.
The ®*-tensor product on M(X®). Given a collection M;, i € I with I a finite

nonempty set, we let @%M; € M(X®) be given by (®5M;)xs = @ EI (M;) ;. It
J—=I€e§ 1€
now 7 : J — J' a surjection in 8 (recall that 8 is the category of nonempty finite

sets with morphisms=surjections) then we get Q(J') C Q(J), and for any surjection
¢ :J" — I we get a morphism
(13) A (B (M) ) = B (M) o

el K iel

i

as the product of map A!(m) (M,-)lef — (M;) s, for m; : J; — J]. Taking the sum over

the set of surjections ¢ : J' — I, we get the desired morphism
A!(W) (®?Mi)X‘jl — (®?Mi)XJ

This defines the object ®%M; € M(X¥).

The ®"-tensor product on M(X¥). Given I € 8§, M; € M(X®) for i € [ and J € §,
the object (®"M;) x. is defined as

char. — [J/] [T/ 1)+
M; = 5 X My,
@ Mxr= @ IR M)
Now given 7 : J — J' in 8, we use Q(J') C Q(J). For any surjection ¢ : J' — I we get
a morphism
(14) A'(ﬂ') jx[:]//l]jwl/[}*(,IEI(MZ')XJ{) _>]L]/I]][J/I]*(IZI(Ml)XJz)
’ 1€ t 1€

It is obtained by applying the functor jLJ/ d jW7/1* 6 the morphism (13) and using base

change. Summing up the maps (14) over all the surjections J' — I, we get the desired
morphism

A!(ﬂ-) (®§hMi)XJ/ — (®?hMi)XJ
This defines the object @ M; € M(X®).

Note that ®3M;, ®{"M; € M(X="), where n =| I |. For the definition of free
commutative non-unital algebras in a given symmetric monoidal co-category see ([10],
3.0.40).

1.3.33. For Sect. 3.4.10. For the definition of the ®“"-tensor structure on M(X?), we
use the fact that (10) is cartesian. So, for any object M € M(X?®) and any diagram
J 5 J — Iin 8, there is a natural map

A!(ﬂ) J'LJI/I]]'[J//I]*MXJ’ — j»EJ/I]j[J/m*MXJ

Note that for M; € M(X®),i € I the group Aut I acts on ®7M; and on ®§hMi, as
in any tensor category!

The identity functor 8% : M(X®)* — M(X®)* is right-lax non-unital symmetric
monoidal.

A subtelty in the Examples on p. 181: for Sym]* we may take invariants or coinvari-
ants for the Sy,-action. I think they will be isomorphic in any characteristic, because
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our object is a direct sum. However, the isomorphism is maybe not ”the obvious one,
which always holds in characteristic zero”. As for free commutative non-unital algebras
in any symmetric monoidal co-category, we shoiuld take coinvariants, that is, colimit
over B(Sy,) to get Sym™.

For N € Perv(X), I,J € 8§ we get

(&5 2 N)xs VN e\ /D) (NI

= D J« *
J—=1

the sum being taken over all surjections 7 : J — I. Note that j(O : UD) — X7 is
obtained from U™ < X7 by the base change A/1): X < X7 50 we may rewrite

ch (8 /) () (D)«

(@ 8 N)xsr = @ oM 10500 (e
J—=1

This gives for m > 0

(Sym o N)xo =@ a0 050 (v,
TeQ(Jm)

here Q(J, m) is formed by quotients sets T" of order m of J.

Lemma 1.3.34. The fully faithful functor A&S): M(X) — M(X®) extends canonically
to fully faithful pseudo-tensor embeddings

M(X)* = M(X5)*,  M(X) — M(X5).
Proof. We prove this for x-version. The argument for ch-version is similar. Let I € 8. If
N, M; € M(X),i € I are given then ¢ € HomM(XS)(Giﬁ A&S) M;, A&S) N) is completely

determined by the restriction of ¢ to the direct summand

XM, C (@] Y My)xi= @ o (RM)
el neAut I el

Indeed, for any € Aut I, the composition

(w)
(@5 a9 3) 0 B8 (@5 29 M)t B (8 N)ygr =a, N
equals ¢. Now for any J with | J |>| I | and any surjection 7 : J — [ we may
take J' = I and present the latter as a composition J — J'=I. We see that the
corresponding X ”/-part (®% INg M;)xs — (Afks) N) xs of the map ¢ is determined by
the X’-part of the map ¢. This shows that we have canonically
Homyys) (@] A M;, &Y N) 5 Hompey (1) (87 M;, 4. N)

Our claim follows. O

1.3.35. As in 3.4.10, we have an action of the tensor category M(R(X)) on M(X®).
For F € M(R(X)), M € M(X?®) the tensor product, which should be rather denoted
M ®' F € M(X?®) is given as follows. Recall our notation Fyr = Fyr ® A;. For I € 8
set

(M®' F)XI = Mxl ®! Fxl
By the projection formula (3), for 7 : J — I in 8§ we have

Agf) (MXI ®'Fxl)/;>/ Aiﬂ-) (MXI®! A(Tr)! Fx.])[dlmXJ—dlmXI]:(Agkﬂ) MXI)®!FXJ’
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where ®' is understood in ” the nonderived shifted sense”. The corresponding morphism
RN (M & F)x1 — (M &' F)x is defined as the composition

_ . _ () 3 _
A>(k7r) (MXI ®! FXI>—>(A>((<TF) MXI)®! FxJ 0 gld MxJ ®! FXJ

1.3.36. For 3.4.11. If A is a Chiral algebra on X, we may consider the following version
of the homological Chevalley complex for A, denoted C'(A)’y; in 3.4.11, this is a complex
of perverse sheaves on X! for some I € 8.

We write it using the notations of 3.4.11 as a cohomological complex (though ac-
cording to my Section 1.1.15 it is rather a homological complex). As a plain Z-graded
perverse sheaf, this is

ClA)yr = @ a0 )=
TeQI)

The differential is described in 3.4.11. Namely, the component dr 7/ of the differential
is nonzero only for 77 € Q(T,| T | —=1). Then T =T"U{d/,a"} = T' =T" U{a}, and
dr 1+ is the exteriour product of the chiral product map j.j*((A[1])f) —A. A[2] and
the identity map for A¥T”. Here I = {a’/, &}, and the order on I is not needed, see
my Section 1.3.14.

Note that the usual chiral product is a map j.j*((A[1])!) — A« A[2], so the differential
is well-defined as a map C(A),; — C(A)y,[1] in the derived category on X7.

In fact, C(A)" is

Sympy (a7 Al) = @ symf (a7 A[1)),

where we are using the tensor structure M(X®)® on M(X?®). For m > 1 we have

Sym% 2P A= @ AT GO D A))ET
TeQ(I,m)
by Examples after (3.4.10.4). Here Sym; means that we are taking the symmetric
power with respect to the ch-tensor structure.
Our C(A) € M(X®). So, for 7 : J — Iin 8 for AM: X — X7/ we are given
structure maps al™ C(A)x1 — C(A)xs. This map is

A>(k7r) ® Aa(kj/:r)j.j(ﬁ:r)j(T)*(AmgT)_> o A&J/T)jiT)j(T)*(A[l]xT)

This is just the inclusion of those direct summands that correspond to the subset
Q) c Q).

If now m : J — I is a surjection why do we have (3.4.11.3)? If T € Q(J) and say
S =inf(T,I) € Q(I) then the square is cartesian
x! 25 x7
T T
x5 - X7
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If S < T then A(T/9)! jiT)K =0 for any K € D(UM). So, A" C(A) s will be a sum
over those T' € Q(J) such that T € Q(I), that is, by Q(I), and we get
A(7r)! (A(J/T) jiT)](T)*(A[l])IXT) :A(I/T) J£T)](T)*(A[1])®T

* *

for T € Q(I), because X7 < X! < X7, By adjointness, this gives a map A!(W)

C(A)xr — C(A)xs. They are compatible with compositions of 7’s, so we constructed
a complex in the abelian category M(X$) (placed in degrees < —1).

Why do we have the factorization property (3.4.11.5) of C'(A)? We need the follow-
ing.

Claim: Let T & J 5 I be a diagram in 8. Then U/1l x; X7 is empty unless
I €Q(T), that is, J — T — I. In the latter case the square is cartesian
glm 0y
T AU/T) 1 A/
gl XT

Proof. Let £ : T — X be a map, ¢ : J — X its restriction to J. Assume z €
UV x5 XT. If ji, 5o € J such that s(j;) = s(j2) and 7(j1) # 7(j2) then we have
Zj, # xj,, and also z;, = xj,. Contradiction. So, such pair (ji,j2) does not exist. The
first part is proved. The second claim is the diagram (10). O

The above claim shows that for K € D(XT) we have jI//1I" AT K = 0 unless
I €Q(T). So,

j[J/H*C(A)XJ: @ j[J/I]* AS{I/T) jiT)j(T)*(A[l]@T):?
TeQ(J),T>1

J/T) ;. (T
a5, 5D (AL]RT)
TeQ(J),T>1

For each T € Q(J),T > I we get the equivalence relation T; € Q(J;) for each i € I,
and {T'e Q(J) | T > I} =1]; Q(J;). We have denoted

]

o 2 gl It

Note that
ClA)xn = @ AT G000 (AT

T,€Q(J;)

and
(T ) (ALY =5 G (T 50+ (A1)
Finally,
@Oy @l G T 0 (A1)

I {Ti}EHI Q(Jz)
So, (3.4.11.5) is proved, this is only the geometry.
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Lemma from their Section 3.4.12 allows to construct the factorization algebra out of
a chiral algebra A as follows. Define By by
Byr @ Ar := HMO(A) g1 = Ker(d : C(A) 1 = c(a) ")
Then {Byx:} are equipped with isomorphisms (8) coming from (3.4.11.5), at this place
it is crucial that ®ns, = ns canonically. The isomorphisms (3.4.11.3) now become

A Byxs®n5;—= Bxr @ny

for any m: J — I in 8. Thus, B is a factorization algebra in the first sense. This is the
functor CA(X) — FA(X) inverse to (Theorem 3.4.9).

1.3.37. Exzample. Consider a chiral algebra A on X in Perv(X). In the previous sec-
tion we constructed explicitly the corresponding factorization algebra B on R(X). In
particular, By is the kernel of p : j.j*(AX A) —A, A on X2, and p is surjective.
Note that ICKA, AKX IC C Bx2. We implicitly used the fact that the unit 1:1C — A
is always injective.

If A is commutative then 0 - BX B — By2 —A, F — 0 is an exact sequence on

L
X2 where ¥ is the kernel of the product map A®' A — A. Moreover, B ®'B is placed
in perverse degree zero! Indeed, the latter exact sequence after applying A' yields an

L
exact triangle F ® Ay — B ®'B = B on X. Since F, B are perverse, the middle term
is also perverse. Here m is the product map (see Prop. 3.4.20).

1.3.38. For 3.4.14. One can easily define analog of the categories QFA(X), PFA(X)
of quasi-factorization algebras and pre-factorization algebras for perverse sheaves. We
have obvious tensor functors FA(X) — QFA(X) — PFA(X). However, to affirm the
existence of a left adjoint PFA(X) — QFA(X) one needs to replace Perv(X) in all the
related definitions by its ind-completion.

There is the following difference: the category of D-modules on a smooth scheme
admits, say, filtered colimits. A D-module on X is not necessarily of finite length, but
an object of Perv(X) is of finite length. The category Perv(X) does not admit filtered
colimits. In their proof of Lemma on p. 185 they need to take a colimit over the
category (8/1)° (for any I € 8) in D-modules.

The category (8/1)° is not filtered. However, the category Perv(X) and D-modules
on X admit finite colimits, hence by ([13], 5.5.1.1), Perv(X) := Ind(Perv(X)) is pre-
sentable, so admits all small colimits.

Convention: assume that we replace Perv(X) by Perv(X) everywhere in all the
definitions of chiral algebras and factorization algebras. Their Theorem 3.4.9 still holds.

It is understood that in the definition of a pre-factorization algebra the following
condition (%), is required: let w : J — I be a surjection with | J |=| I | +1. So, there
is a unique nontrivial automorphism o of J over I. It is required that o acts trivially
on AM! Tx, ®ny.

Then the analog of lemma in 3.4.14 holds. In the proof of Lemma in 3.4.14 the
quotient ¢Byr is the quotient of By by the maximal perverse subsheaf, which is the
extension by zero from the diagonal divisor in X!. So, we have the left adjoint functors

(15) PFA(X) — QFA(X) — FA(X)
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Example: let N € Perv(X), set T(N)xr = j,g) i(D*(N @ IC)® on X!. This is a
pre-factoirzation algebra T'(N) € PFA(X) naturally. For I = {1,2} and the diagonal
At X — X2 we get A T(N)x2 = 0, so this is not a quasi-factorization algebra. The
associated quasi-factorization algebra is zero!

The formulation of their Theorem in 3.4.14 for perverse shaves should be as follows,
I think.

Theorem 1.3.39. Let N € Perv(X),Tx2 C j.5*((N @ IC)¥2) = T(N)x2 a perverse
subsheaf such that T, |y= (N ©IC)*? |; for the complement of the diagonal U C X?2.
Assume Sy acts trivially on A' Tx2 ® 1o, the latter is understood in "perverse non-
derived sense”. Assume that (N ®IC)KIC and ICK(N @IC) are contained in T(N) x2.
Consider the functor FA(X) — Sets sending B to the set of ¢ € Homyx (N, B) such
that the diagram commutes

jf(NeIC)® | *(BRB)
) T
TX2 — Bx2,

where g = ¢ D 1p: N ®IC — B, 15 : IC — B is the unit section. Then this functor is
corepresentable (by a factorizable algebra maybe lying in Perv(X)).

Proof. Define a pre-factorization subalgebra T' of T(N) as follows. We set Tyo = Qy,
Tx = T(N)x, we have already Tx=.

If I € 8§ with | I |> 3, define T'x: as follows. For any surjection 7 : I — I’ with
| T |=| I' | +1, consider jI/TT : yl/I'l ¢ X! Let U be the union of U/ for all
such surjections 7 : I — I'. Let j : U — X! be the open immersion. We will have
Txr = 5.5 Txr. Now j*T'x1 is defined as a gluing of perverse sheaves j[I/Iq*Txl over
U/} for each 7 : I — I' as above. Namely, if I’ = I i’ and I = I U {iy,is} then we
set

Uy = G () | xtinizy B(TRT) |x7)

We have the natural gluing data giving so a perverse sheaf j*Ty: over U, hence also
Txr.

For any 7 : I — I' in 8 with | I |=| I’ | +1, the perverse sheaf AU/T)" Ty @ n;
has no perverse subsheaves, which are extensions by zero from the diagonal divisor of
X" because T: = j.j*T:. This implies the condition (%), in the definition of a
pre-factorization algebra. The desired factorization algebra is the image of T under
(15). O

L
Example: let N € Perv(X) be such that N ®'N is placed in degree zero. Then

(N IC) @L§> '(N @ IC) is also placed in perverse degree zero. Let T2 be the kernel of
Jx* (N @1C)®2 A, (N@®IC)®' (N ®IC) =4, (Sym? N), where Sym? is understood
in the sense of the tensor structure Perv(X)'. Then T2 contains NX N on X2, and Sy
acts trivially on A' (T'y2 ®172). The corresponding factorizable algebra will be Sym(N),
where Sym is understood in the sense of the tensor structure Perv(X)'.
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1.3.40. A notion of a module over a factorization algebra from Sect. 3.4.18. For
I € S write I = I'Ll-. Let B be a factorization algebra on X. A factorization B-module
is a triple (B(M), v, ¢), where

e B(M) is a rule that assigns to I € $ a perverse sheaf B(M),; € Perv(X'),
which has no perverse subsheaves supported on the diagonal divisors. Set M =
B(M)x. o

e U assigns to every surjection 7 : J — I preserving the -’s an isomorphism

7™ A B(M) ;@ 05— B(M) 1 @17

The 7(™’s must be compatible with compositions of 7’s. B
e Consider a surjection J — I preserving -. Then J is the union of J. and J;,i € I.
Our ¢ assigns to this surjection an isomorphism

&y 3 (R Bys) R B(M) ;) = Y B(M) 5

It is required that ¢’s are mutually compatible: for K—>J—1 , E[f{ /7] equals
the composition ¢z j, ((IZC[Ki/Ji])IEG[R-/j‘}). Besides, ¢ must be compatible with
the isomorphisms 7 (and v for B) in the same way as for factorization algebra.
Finally, the composition IC XM = Jxj*(Bx ®M) on X? must factor through
B(M) x2, and applying A' to the obtained map ICKM — B(M) y2, we should
get the identity id : M — M for

A ACKRM)[1] S M =o' B(M)x2[1] 5 M

Write M*(X, B) for the category of factorization B-modules. After (3.4.18.2) there
is a minor mistake: the functor M‘(X, B) — Perv(X), (B(M),7,é) — M is faithful
(not fully faithful).

1.3.41. For Sect. 3.4.19. Let B be a factorization algebra. If (B(M),7,¢) is a fac-
torization B-module, the corresponding chiral B-module is M := B(M)x. The chiral
action is the map

G (BRM) 5 5,5 B(M)x2 = j.j*B(M)x2/B(M)y2 = A, i B(M)x2[1] a8, M

We have the las isomorphism, as we broked the symmetry of {1,2}.

The description of chiral B-operations (after Remark on p. 190): there is a MIS-
PRINT in the definition of B({M;})xsur. The correct definition is as follows. Let
M;, N be chiral B-modules for I € §, let J € §. Let G be the factorization algebra
corresponding to the chiral algebra B @ (®&7M;). Then B({M;})xsur C G xsur is the
submodule of those sections whose restriction to U(9D lies in B¥/ K (K M;).

Lemma 1.3.42. A map ¢ : j,EI)j(I)*(XMi) A" N is a chiral B-operation, that
is, lying in Pg({M;},N) iff for J € 8 the map idp_, ®é : Bys K i j0*(®M;) —

Bxs® 2" N sends B{M;}) xur to B(N) s, here J = J U-.
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Proof. If ¢ € Pg}({Mi}, N) then the desired property of ¢ is evident. Assume now our
property of ¢ for the set J = {-}. We get a diagram

BU{M;})xor — 3V05090(BY R (RM;)) E.élji) )
0

{ | id®gp i\
B(N)X2 — j*j*(BXgN) — As N,

where the right arrow in the top row is the sum of maps p;, coming from action of B
on M;,. Moreover, the right vertical map will be the sum over iy of the maps ¢. Our
claim follows. O

1.3.43. For 3.4.20. If B is a chiral algebra, and {Bxr,c,v} is the corresponding
factorization algebra then 0 — By2: — 7j*(BX B) —A, B — 0 is exact. So,
[.,.] : B B —A, B vanishes iff ¢ extends to a morphism B X B — Byo.

Their claim 3.4.20 Prop b) follows from my Lemma 1.3.24.

1.3.44. Ezample. See 3.4.23. Let E be a local system on X, A = E[l] and B =
On>0 Sym™(A), where Sym™ is taken in Perv(X)'. Then Sym"(A) = (Sym"” E)[1] natu-
rally. Our B is a commutative algebra in Perv(X)'. Describe explicitly the correspond-
ing factorization algebra {Bxr}.

For I € $let Z; € X x X! be the union of the subschemes x = x;, i € I. Let 7y :
Zr — X,pr: Zr — X' be the projections. Then 7 is a locally complete intersection
of pure relative dimension n — 1, so 7y M[l — n] is perverse for any M € Perv(X).
Set Myr = (pr)«miA[l — n] € Perv(X!). Over UY) we get My: = >, pri An — 1]
for the projections pr; : U — X. That is, M1 |y is a smooth perverse sheaf
corresponding to the local system with fibre 3", E,, at (v;) € UY). T think their Prop.
(3.4.23.3) becomes: there is a canonical isomorphism

BXI :A[ ® Sym(MXI),

where Sym is understood in the sense of the tensor structure Perv(X7')'.
For example, take ' = 0 then B = ICy, and Bxr = K;IC, Mxr = 0.

1.3.45. Let L € Perv(X), write (L& L)~ for the quotient of LK L by PH’(A' (LK L)),
so the sequence on X? is exact 0 — (LR L)™ — j.j*(LX L) A, (L® L) ® Ay — 0
and Sy-equivariant.

The sheaf (L X L)~ may have nontrivial quotients supported on X. Namely, let
S =H°(L), where H is for the usual t-structure. We have a surjection f : L — S, and
H?(Ker f) = 0, so Ker f has no quotients supported on points of X. For example, if
je: X —x — X then 0 — IC — Jax IC — i,+Qp — 0 is exact, and taking L = j,. IC we
get a surjection L X L — (iz)«Qy.

If P C j.j*(LXL) is a perverse subsheaf such that P |;;= LKL then ji,j*(LKL) C P.

Lemma 1.3.46. Let ji.j*(LX L) C P C j.j*(LX L) be a Sa-invariant subsheaf. Then
there is the smallest perverse subsheaf P C P C J«J (LR L) such that P is Sy-invariant
and Sy acts trivially on PH™H(A' P @ n5).
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Proof. Define F' € Perv(X) as the quotient j,j*(L X L)/P. We have canonically F' ®
A= A' P ® \g[1]. Any Ss-invariant subsheaf P C P C j,j*(L X L) is the preimage
of a Sy-invariant subsheaf F' C F in j,j*(L X L). For any such P we have canonically
(F/F)®Xy = A' P@Xg[1], and here A' can be understood both in derived ot nonderived
perverse sense. The desired P correspond to the smallest So-invariant subsheaf ' C F
such that Sy acts trivially on (F/F) ® )o, that is, we are taking coinvariants. O

With the above lemma we can perform the construction of the chiral enveloping
algebra from Sect. 3.7:

Theorem 1.3.47. The forgetful functor CA(X) — Lie*(X), A — AY€ admits a left
adjoint L — U(L).

Proof. Let L be a Lie algebra in Perv(X)*. Let P be the kernel of [.,.] : LKL —A, L
on X2. Define Ty2 as the smallest So-invariant perverse subsheaf of j,j*((L®IC)¥?) on
X? such that Tx2 |y= (L®IC)*? |7, ICK(L®IC), (LHIC)XIC and P are contained in
T2, So acts trivially on A' Tiy2 ®7. By the above lemma it exists. By Theorem 1.3.39,
we get a factorization algebra B corepresenting the corresponding functor. View it as a
chiral algebra. Let f: L — B be the natural map. Finally, define U(L) as the biggest
quotient of B by the ideal that coequalizes the diagram on X?

txL % BwrB

b1 $ 10

anL LooaB
That is, we take the image of the map fol[.,.]—[,.]Jo(f® f): LKL —A, B and take
the ideal generated by this image, then quotient by this ideal. O

Of course, the corresponding U (L) is in Perv(X) in general.

1.3.48. For 3.7.13. Let A € CA(X) equipped with a filtration A9 C A; C ... in the
sense of their Section 3.3.12. We have their notion of 1-generated filtration. Now if A
is a chiral algebra, R C A is a chiral subalgebra and R C M C A is a R-submodule
of A that generates A as a chiral algebra then there is a unique 1-generated filtration
A. of A with Ag = R, Ay = M. If M is a Lie*-subalgebra of A¥¢, RM¢ is commutative
and M normalizes R (that is, [M, R] C R) then grA is a commutative chiral algebra.

1.3.49. For 3.7.15. Their Proposition 3.7.15 remains valid for Q-perverse sheaves.
Namely, let L be a Lie algebra in Perv(X)*. The forgetful functor M(X,U(L)) —
M(X, L) admits a left adjoint Ind : M(X,L) — M(X,U(L)). Their notion of a 1-
generated filtration makes sense in our setting of perverse sheaves.

1.3.50. Let A € Perv(X), a precision about chiral algebra structure on A. Define
F € Perv(X) by the exact sequence 0 — ji, (AN A) — j.j"(ARKA) - F — 0. So,
we have a surjection F — A ®"' A on X, the tensor product is in the nonderived sense.
Then F = PH(A* j.j*(AX A)) and PH™1(A* ji.j*(AK A). The chiral product is given
by a map p: F — A in Perv(X).
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1.3.51. Let B be a quasi-factorization algebra (as in Sect. 3.4.14, p. 185). Then
the construction from their Section 3.4.8 (as in my Sect. 1.3.31) works and provides
a structure of Lie"-algebra on Bx € Perv(X). We can also take as input a version
of a quasi-factorization algebra B, where By is a complex of perverse sheaves, not
necessarily placed in one perverse degree.

1.3.52. Let A be a constant complex of Qg-vector spaces on Speck. (We may assume
if needed that the differential is zero). Let us also write A for its x-restriction to X.
Then ¢ € P*({A, A}, A), that is, ¢ : AKA —A, Aisgiven by amap f: A® A =A"
(AR A) — A on X. Since X is proper, f is costant map, that is, we are given a map
f:A® A— Aon Speck. Then (A, ¢) is a Lie*-algebra on X iff f is skew-symmetric
and satisfies the Jacobi identity. That is, (A, f) is a Lie algebra in the tensor category
of complexes on Spec k.

1.3.53. Let L be a Lie algebra in Perv(X)*. Then RI'(X, L) has a structure of a Lie
algebra in the category of complexes on Spec k. Namely, the bracket [,] : LKL —A, L
gives amap [,] : RI'(X, L) ® RT'(X, L) — RI'(X, L) by passing to cohomologies, and it
satisfies the axioms of a Lie algebra.

1.3.54. Let E be a commutative DGA in the tensor category of local systems on X. So,
E ® E° — E' is (super)-commutative and associative, E" = ... — E* — Etl &
where each E' is a local system on X. Then A := E[1] is a complex of smooth perverse
sheaves on X, and A is a commutative DGA in Perv(X)' with the product A ®' A =
(F® E)[1] — E[1] = A. Applying the construction of the corresponding factorization
algebra, we get for each I € 8 a complex of perverse sheaves Byr on X!, which is a total
complex of the double Chevalley complex C'(A)’;. Maybe, according to (stack project,

Lemma 12.22.7), we may also see Byr as the subcomplex of j,EI)j(I)*(AW), namely the
kernel of the differential in the Chevalley complex C(A4)y;. We have By = A. For
A: X — X' we have A' Byr ® n7 = Bx/[1].

In particular, we know all the !-fibres of By:. Namely, for ma = (z,...,2) € X' let
ime : Speck — XT be this point. Then i\, By: @ n; — E,.

Note that £™* is a cocommutative and coassociative coalgebra in local systems on X.
Similarly, DA is a complex of smooth perverse sheaves on X, this is a cocommutative
and coassociative DG-coalgebra. The corresponding factorizable object is a collection
of complexes: for I € 8§ the complex D(Bxr ® 1) on X!. The -fibre of D(Bxr ® n;)
at mx = (z,...,z) € X! is the complex E;*. So, the xfibre of D(Bx: ® ny) at (7;)ier
is the tensor product ®;E,", where {yi} = {w:} as a set, and y; are pairwise distinct.
This is the construction used by Dennis in ([2], Section 3.1, p. 1805). In particular,
if £ is placed in usual degree zero then D(Byr ® ny) is a constructible sheaf on X7,
because each of its x-fibres is placed in usual degree zero.

If in addition E" is AP%s-graded, where AP°% is a free abelian semigroup of finite type,
then assume the component of E" corresponding to 0 € AP is Qp. Then A = E'[1] gets
a structure of a AP?*-graded commutative chiral DG-algebra. As in my Section 2.2.7,
we attach to it a DG-object (B, ¢,v) in FA(X)aros, namely we take the total complex
of the corresponding part of the Chevalley complex. Then for any (I, \) € Spros we get
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the corresponding complex By on X!, which yields one on X2 where B(u) is the
decomposition ) ngus of =3, ; A;. Here X : I — AP takes distinct values p5 with
multiplicities ns. If f: X! — X®PW is the natural map then take Aut(I, \)-invariants
in f.(Bxr ®nr), the result is a complex of perverse sheaves denoted Bywm(.) on X Bw),

For yi € AP*® write E,, for the p-component of E". Consider a k-point (x;) € XTI,
Assume Zie TNT =) jeg HiYi where y; are pairwise distinct, so we get a surjection
m:1— Jand amap p:J — AL given by u; = > ien—1(j) Ni- The Iibre of Bxr @y
at (z;) € X! is 4(§J(E/"j)yj' So, the *-fibre of D(Bx: ® ny) at (x;) € X! is

J

9 (B
Here E* = Hom(E", Q). The *-fibre of By at >~ Hjy; is not clear.

We especially apply the above in the following case. Let A € AP?%. Write a; for the
set of generators of AP?*. Write A = . ;nja; with n; > 0. Then take I a set and
Ar I — AP a map taking value «; precisely n; times. We get a map f : X - X,
and XPWN S XA For this (I, ;) € Spres we get a complex Byx = Bymy on XA
They form a AP%-factorization algebra in the first ‘nonrigorous’ sense of Section 2.2.
The *-fibre of DByx at Az € X* is (E})s, because Aut(l, ) acts trivially on the
«-fibre of f.D(Bxr ®nr) at z.

So, the *-fibre of DByx at Y py; € X* with y; parwise distinct is ®, (E5 )y,

By construction, for A\; € AP°® there is a natural map

(16) BX/\I *BX)‘Q — BX)\1+)\2

on XM+A2 Here for S; € D(X?), S xSy = add(S; ® Sy) for add : XM x X*2 —
XAtz

1.3.55. if B, E" are commutative DGA in local systems on X then E' ® E” is also a
commutative DGA. Let B, B’ be the DG-objects in factorization algebras corresponding
to E', E" respectively. Then the factorization algebra corresponding to £ ® E” is the
tensor product of B and B’. So, for I € 8, (B®' B')y1 = By1 ®' Bl @ A5

1.3.56. Let E', E" be AP°*-graded commutative DGA in local systems on X. Then
E ®FE" is also a AP?*-graded commutative DGA in local systems on X. In Section 1.3.54
we associated to E', E" the DG-objects B, B’ € FA(X)aros, and in turn for any \ €
AP complexes By, By, on X*. Let B” be the DG-object of FA(X)pes similarly
associated to E' @ E". Then for any A € AY”® the complex B, is given by

(a7) X = ,\14392:,\ By * By,

This is done also in ([5], Sections 2.1-2.3).

Indeed, write A = E[1], A" = E'[1], A" = (E® E')[1]. Let A = >~ ynja; € AL
Here {a} ;e is the set of generators of AP?5. Pick a set I and a map A; : [ — A
taking values a; with multiplicities n;. By definition, to this (I, A;) is attached B ;.

For any i € I we have \; = a; for some j. So, (E® E')), = E), @ E) . For any
decomposition I = Iy U I} denote by Ao : Ip — AL\ : 1)) — AL®® the restrictions of
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Ar. We get

" /

X LD =(To o)) xto x'o
Taking the direct image of B;’(I ®@nr under X — X* and Aut(I, A\;)-invariants we get
B% . Using the latter formula, this should yield (17).

1.3.57. Example. Let V be a local system on X. Take F = A’V = Sym(V[—1]). This
is a commutative DGA in the category of local systems on X. The construction of
Section 1.3.54 yields for I € 8§ a complex of perverse sheaves By on X', here B is a
‘complex of factorization algebras’, Bx = E[1].

1.3.58. Example. Let E' be a A"-graded commutative DG-algebra in local systems
on X. Let A € A". Consider a DG-object B in FA(X)anes attached to it in Sec-
tion 1.3.54. Let A = >, nya; € A", where q; is the set of generators of A™9. Let
(I,A1) € Spnes be such that A\; takes values a; with multipilicity n;. Consider the
corresponding complexes By: € D(XT),Byx € D(X?). We should not think that
By € jPj0%(R;A,.), where A = E'[1].

This is illustrated in the following example. Let E* = Sym(n*[—1]) be the costandard
complex for n, the unipotent radical of the standard Borel of GL3. Let «;, i = 1,2
be the two negative simple roots of GL3, so f = a3 + a» is also a negative root.
The A™9-grading is the one given by the action of T on E'. Take A = a1 + ao,
I ={1,2},\; : I — A" taking values a1, as respectively. Then the (I, \r)-graded
component of the Chevalley double complex on X7 is given by the diagram

j*.j*(nzl IE an) — A* (nzl ® n22>
Td
Ay

(In fact, the vertical arrow d is an isomorphism). We see that the corresponding total
complex is 0§ @ 7.5*(n, ®nf,) —A. (n}, @nk,). So, Byr = j.j*(n%, Knf,)[2] on X,
DBy is the extension by zero from j : U < X* = X2, It has a filtration given by
the subsheaf A, n,, ® ng,[1] € DBya. This filtration is generalized for any reductive
group in ([2], Sect. 3.3).

1.3.59. Example. Let F be a AP?-graded commutative bialgebra in the tensor cat-
egory of local systems on X (it could be DG-bialgebra also). So, both product and
coproduct are compatible with gradings, but the coproduct is not necessarily commuta-
tive. We assume the 0-th component is Fy = Q. In Section 1.3.54 we associated to it a
DG-object of FA(X)ares and a collection By of complexes on X* for A € AP°S. They
are equipped with maps (16). Now E ® F is also a AP?*-graded commutative algebra
in the tensor category of local systems on X, and the corresponding AP°*-factorization
algebra was described in Section 1.3.56.

The coproduct map £ — E® F is a morphism of AP?®-graded commutative algebras.
So, it gives a morphism of the corresponding DG-objects in FA(X)ppos. Thus, we get
for any A € AP°® a morphism

BX)\ — @ B A1 * B Ao
A+AamA, AjEApes X X
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Example: let n~ be the unipotent radical of the negative Borel subalgebra of a
reductive Lie algebra. Then U(n~) is A"¥Y-graded cocommutative bialgebra. Take E
to be its graded dual, it is a AP°*-graded commutative bialgebra.

2. CONSTRUCTIONS VIA TWISTED ARROW CATEGORIES

2.1. If C is a category, let TA(C) be the category, whose objects are arrow f : a — b
in €. A morphism from f:a — b to g:c— dis a commutative diagram in C

CL&C
Lr g
b L d

We have the projection TA(C) — C° x € sending f : a — b to (a, b), this is a cocartesian
fibration corresponding to the functor C x € — Sets, (a,b) — Home(a, b).

We have a functor Fun(€° x €, D) — Fun(T A(€), D) sending F to the functor F :
TAC) — D, fr F(src(f),trg(f) (see [9], Def. 1.12).

For a functor F' : €2 x € — € the limit limp4(e) F is called the end of F and is
denoted fCF = limp e F. The colimit colimy A(C) F is called the coend of F. The
notation is [©F = colimy ey F, see [9].

2.1.1. Recall that 8 denotes the category, whose objects are finite nonempty sets, and
morphisms are surjections. For I € 8§ let a; : X! — R(X) be the natural map. Let
A € Perv(X) be a commutative chiral algebra on X. Then for each 7:J — I in 8§ we
get the product map m : ®EIA — ®!IA compatible with compositions of n’s. In other
words, we get a functor 8 — Perv(X), I — ®!IA.

L
We want to consider for 7 as above (?(@’A)) ®nr on X' as a functor of 7. More
J;

precisely, for a morphism © — 7’ in TW(8) given by the diagram

J «— J
$r b
I - T
we get a natural map on X/
= (/1) (g%
(18) (R A) @0 <o (RS A)) @nr,

here AU/T): XT' - XT. Note that X! = [1;, X%, and the latter map is the exteriour
product of the following maps over I’. The factors correspond to the squares obtained
by passing to the fibre over ¢/ € I’ in the above square, that is, to

Jri/ F JZI/
$ \I'/T(',

I — i
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Thus, it suffices to define (18) in the case when I’ = .. In this case our map
corresponds by adjointness to the map
pmﬂ)uct (L| L,

y L
®' '@ A)[1] =a /1! %(?A)) ®

L,
(@A) 2@

Now imagine that (ar), makes some sense then (18) gives a map over R(X)

(a1)- (R( 4)) @y ¢ (o). ((5' 4)) @0y
Ji I J!

Dennis: there is a functor TA(8)° — D(R(X), Q) sending 7 : J — I to
(ar)o (&, A1) = (a)- (B}, 4)) @i

Dennis claims in ([4], Sect. 2.3): the colimit of the latter functor is the desired ”fac-
torization algebra” on R(X). Maybe what we actually get is rather a pre-factorization
algebra? Maybe the colimit has to be calculated in the corresponding stable infinity
category.

Let B be the factorization algebra corresponding to A. In the above paper by Dennis
he propose an explicit formula for the complex By for any I € 8. In addition, if A is
placed in one cohomological degree, By is also placed in one degree.

2.2. Ar°s-graded version. Let AP° be a free abelian semigroup isomorphic to (Z1)"
for some r > 0. Let {a;}, i € J be the set of generators of order r, it is unique.
For A € AP% write X* for the moduli scheme of AP°*-valued divisors of degree .
Let add : X* x X#* — X**# be the sum map. Its restriction to (X* x XH)gisj 1s
etale, the latter is the open subscheme of divisors with disjoint supports. Let addgs; :
(XA x XH)gisj — X be the restriction of add.

Consider the following notion of a AP°°-quasi-factorization algebra over { X} e ppos.
This is a collection B* € Perv(X?) together with isomorphisms

c:addy,; B** = B*R B"

over (X Ax X M)disj, which are ”commutative and associative in a natural sense”. In
my opinion, this is a bad formulation, because it hiddens the symmetries! We will give
a more precise definition below. We will also compare it with the notions from ([1],
3.4.14).

Let now A = @yepros A* be a AP%-graded unital commutative algebra in Perv(X)'.
We want to associate to it a AP?*-quasi-factorization algebra.

Set AL = AP°s —(. We may consider the category 8x»os whose objects are diagrams
APos & J, and a morphism from AL%* &7 o AP X Jisa morphism ¢y : J' — J in
§ such that \; = qu N, for j € J. Set

R(X ) aper = (R(X) @ AP) = {0} = (J(R(X) 1 #)) — {0}

1€]

where the operation on R(X) is the union.
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For an object AP & T of Savos consider the map ay : X! — I—'AEA%Z"SXA sending
(zi)ier to Y ;c; Aiwi. For a map AL A2r% i Saros the diagram commutes

N

X1 N X1
N\ ay Lar
X)\

AEAPO®

Consider the category T A(8pros). Its object is a diagram ALY & J 5 I, where
m:J — Iis a map in 8. The corresponding map I — AY*® is recovered as an integral.
A morphism in T'A(8pres) is a diagram

NG NG
RS Y

(19) Jg ooy
I 4
I A

where the bottom part is a map 7 — 7’ in 8§, and ) )\;-, =\jforjeJ.
J
A map in Spos yields the product morphism
m: @AY — @Y, AN
on X compatible with compositions. So, we get a functor Sppes — Perv(X) sending
the above object to ®E,A>‘J'.
As in the previous section, we want to consider for an object AL’ & T T of

T A(8)aros the perverse sheaf
Ly
(R AM) @

as a functor on T'A(Sppes). More precisely, exactly as in the previous section a map
(19) yields a morphism on X/

L ’ L /
(20) ®(E4) @l @@ 4) @,

i JZ(

I/

here AU/T): X" — XT. Now if (as), makes sense then (20) yields a map over L XA
AEAE?®

L| i Ll )\l.,
() (R A%)) @1 = (ar). (& A™)) @ nr

We get a functor TA(Spres)® — D( U X* Q) = [] D(X* Q) sending AL &
)\EAEOS AGAZOS
J 5T to

(@) (S 4%) & 1y



40

Then the colimit of the latter functor should be the desired AP?*-quasi-factorization
algebra. Maybe the colimit has to be calculated in the corresponding stable infinity
category.

2.2.1. A definition in the style of [1]. Let «y,i € J be the generators of AP, Let
A = Y ,cgnici. Recall that a Z-point of X* is a collection D = (D;);ey of effective
relative Cartier divisors D; — Z x X over Z of degre n; for i € J. We consider the
equivalence relation on AP%*-valued relative Cartier divisors on Z x X/Z. Say that
D ~ D"if Djyeqg = D;T oq for all i € J. The equivalence classes of AP°*-valued relative
Cartier divisors on Z x X/Z form an ordered set denoted C(X)z pros. Namely, D < D'
iff Djreq C Di,., for any i € . We consider €(X)z avos as a category.

Recall the c7ategory Aff,, of smooth affine k-schemes of finite type, which are of pure
dimension. We get a category C(X )aros fibred over Affy,. Its object is a pair Z € Aff,,

and an element of C(X)z res. A morphism from (Z’,D’) to (Z,D) is a morphism
f:Z" = Z in Affsy, such that the composition D;, 4 = 2’ x X X4 7« X factors

Z
through D; yeq — xX. The projection C(X)apos — Aff,, is a cartesian fibration.
Consider a pair (B, c), where

i) B : C(X)pres — Perv is a functor over Affy,,, which sends a cartesian arrow to
a cartesian arrow. So, B assigns to every AP?-valued relative Cartier disivor
D on Z x X/Z a perverse sheaf Bp on Z. If D’ < D in C(X)z pres then we
get a morphism Bp: — Bp, and everything is compatibe with base changes. In
particular, for A € AP we have the universal Cartier divisor D = (D;);ecg on
X x X*/X?, hence a perverse sheaf By on X*.

ii) ¢ is a rule that assigns to every pair of mutually disjoint divisors Dj, Dy €
C(X)zares an isomorphism cp, p, : Bp, ® Bp, — Bp,+p,, here @' is under-
stood in the "nonderived shifts sense”. It is required that ¢ are commutative
and associative in the obvious sense and compatible with morphisms from 1i).

We require in addition Byo # 0. Then Byo — Q. Denote by QFA(X)gpros the
category of these objects, call them RAP%’-quasi-factorization algebras, the letter R
refers to the Ran space.

If we require in addition that Byx have no perverse subsheaves supported on the
diagonal divisor, we get the notion of a RAP%*-factorization algebra, the corresponding
category is denoted FA (X )gpros.

2.2.2. Say that a AP°*-quasi-perverse sheaf is a data for any (I, \) € Spres of a per-
verse sheaf Byr on X! and for any 7 : (J,\;) — (I, A7) in Sppes of an isomorphism
ORYN L By ®n;—= Bx1®nr compatible with compositions of 7’s. The inverse image
is understood in the "nonderived perverse sense”. Write QPervpos for the category of
AP9S_quasi-perverse sheaves.

If we require in addition that Bxr has no perverse subsheaves supported on the
diagonal divisor, we get the full subcategory of AP°®-perverse sheaves inside denoted
Pervpos. As in Section 1.3.22, the above inverse image can also be understood in the

derived sense. This is a tensor QQs-category, the tensor product is defined as in my
Section 1.3.22.
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2.2.3. Here is a rigorous definition of a AP°-quasi-factorization algebra in the style of

([1], 3.4.4). This is a AP°’-quasi-perverse sheaf B € Pervppos with the following data
and properties. If 7 is a map in Sppos as above, for ¢ € I the set J; is equipped with the
restriction Ay, @ J; — AP?® of A\;. A factorization structure on B is a rule that assigns
to any map 7 in Spres as above an isomorphism ¢/ given by (8), where J; is equipped
with the restriction of Aj. We require ¢ to be mutually compatible as in Section 1.3.25.
Besides, we require that c is compatible with v. Namely, for every diagram J — J' — I
in Spres the diagram (11) commutes.

This is a tensor category naturally, we write QFA (X) ppos. If we impose in addition the
property that B € Pervaros, we get the full subcategory FA (X )ppos of AP?-factorization
algebras. This is also a tensor category. Our AP°*-quasi-factorization algebras and AP?%-
factorization algebras are nonunital.

2.2.4. For A € AL let 8, C Spres be the full subcategory of pairs (I, A7) such that
> icr AM(i) = A. Then for A # pand I € §y,J € §, there are no maps between J and I
in Spros. So, Sppes is the disjoint union of the categories §, for all u € A. Therefore, a
AP°S_quasi-perverse sheaf is a data of a perverse sheaf By for any (I, \) € Sppos such
that A takes values in the generators of AP together with isomorphisms v, for any
isomoprhism 7 : J = I preserving the functions A\;, A ;. To such a collection we associate
perverse sheaves B € Perv(X?) for all A € A% as follows. Take the direct image of
Byr under sum : X! — X* and then take Aut(I, \;)-invariants. If B € Pervypos
then we will have sum'(B*) = By:. This should be proved as in ([1], Lemma in 3.4.6).
Thus, Pervares is the category of collections (Bxx) € [[ycpres Perv(X ) such that each
B has no perverse subsheaves supported on the diagonal divisor.

2.2.5. For A € A we have the universal AP°*-valued relative Cartier divisor D on
X x X*. So, a datum of F € QFA(X)gppos gives F* € Perv(X?) corresponding to D.
They factorize as follows. Given (J,A: J — AL) € Sppos set A = ., Aj. We have

the étale sum map

jeJ

adddisj : (H X)\j)disj — X)‘
JjeJ

Let D7 be the universal AP?-valued divisor on X x X%, let DJ be its restriction
to (ILes X?)gisj. Let D be the universal AP**-valued divisor on X x X*, D be its
restriction to ([[;c; X*)gisj. So, D = dies D;. We get from F an isomorphism
Fp= ®c; Fp,. Set for brevity Y = [[;c; X™. Let pj : Yais; — X% be the j-th
projection. We get

p;FN [dim XM= Fp,[dim Y]
let i : Y — Y7 be the diagonal. We get an isomorphism

(21) i (% p; Y [dim XV])[— dim Y] = addj;,; F*
The left hand side identifies with X ;F%i, but the latter identification breaks the sym-

metry!! For example, if all A; are equal then the actions of Aut; are different. I think
we need a twist to get a good factorization algebra as we did in the case AP =7, .
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Define for A = ), ;niq; a line
M = ® ;s
1€]

where 7, = (Qg[1])®™. This is maybe not the best way to formulate things, but we
get m\ — ®jeg My, Now define B* € Perv(X*) by B* ® ny = F*dim X*]. Then (21)
yields a factorization isomorphism

X ;B =~ B*

on Ygisj. So, {Bxx} form a AP*-quasi-factorization algebra.

A Dbetter explanation is to use te definition from my Section 2.2.3. Then for any
I € 8ppos we have the universal AP*-valued relative Cartier divisor D on X x X!. So,
F € QFA (X )garos gives a perverse sheaf Fyr (depending on A; of course, but this is
not reflected in the notation). For I € Sppes define Byr € Perv(X') by Byr ® n =
Fyr[dim X7]. If 7 : J — I is a map in Sres, we have the open immersion U — XV
For each i € I we equip J; with the restriction of the map A\ : J — AP,

Let D, i € I be the universal AP°*-valued relative Cartier divisor on X x X”/i. Let D*
be its restriction to UY/1l. Let D be the universal AP°-valued relative Cartier divisor
on X x X7, let D be its restriction to UM/l Then D = 3", ; D'. So, F5 = ®!; Fp: on
U/ As above, we get canonically the isomorphism cry/1) now for our By and By,
given by (8). The advantage is that we dot need lines 7, with this rigorous definition.

2.2.6. Let now B € Pervppes. For J = x and X : x — AL given by A, we get the
perverse sheaf By := Bx € Perv(X). This way we attach to B a AL°°-graded perverse
sheaf B. := @ycpros By on X.

2.2.7. Let B € FA(X)aros. Consider the AL*’-graded perverse sheaf B. on X attached
to B in the previous section. It gets a structure of a AY?*-graded nonunital chiral
algebra as follows.

Let (J,AJ) € Spros, set A=) ; Aj. As in my Section 1.3.31, we get a map

je€J
P*(ICx) = P§"({By;}, B)
In other words, for B. we get a map
Pi*(ICx) — P"({B}, B),

where operations on the right hand side preserve the grading. They are compatible
with compositions, so B. is a Lie-algebra in Perv(X)¢". Then IC®B. is a AP*-graded
chiral algebra on X. We constructed a functor

(22) FA(X)ppos — {AP?*-graded chiral algebras B. with By = ICx}

pos

We can go in the opposite direction as follows. Let A. be a AP°*-graded chiral algebra
with Ag = ICx. For (I,\) € Sppes consider the Chevalley-Cousin complex C(A.)xr
defined as in my Section 1.3.36, but with the correction that in the product X;A[1] on
X1 the factor A[1] is replaced by Ay, [1], and similarly for every T' € Q(I). Then for
(I,A) € 8ppos define the complex Bx: on X! by

BXI ®77] — C(A)XI
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So, Bxr depends on A, though this is not reflected in the notation. In fact, Bxr is not
always placed in perverse degree — | I |, it may have perverse cohomology in several
degrees! 1 An analog of ([1], Lemma 3.4.12) does not hold in the graded setting.

As above (as in [1] in fact) one then shows that the collection (Bxr,c,v) is a DG-
object of FA(X)ares, it can be placed in many perverse degrees. The functor (22) does
not seem to be an equivalence, but maybe it is an equivalence between the corresponding
DG-objects. A version of this claim is found in [5]. For I = % and A : x — AP%® given
by A we get Bx = Aj.

If (z;) € X' is a k-point and A : I — AL’ is a map, assume that > ., \iz; =
ZjeJ 155, where y; are pairwise distinct for j € J. We get a surjection 7 : I — J,
hence a function p; = Zierl(j) A\; on J. Consider the perverse sheaf Bys on X'

attached to (I, \) € 8ppos. The !-fibre of Byr ® 1 at (z;) € X! is ®J(i!yjA“j[1]).
j€

For (I,\) € Spres we get the complex B(u) on on XPW where B(u) is the de-
composition Y ngpus of p = Zie[ Ai. Here A : I — AP°% takes distinct values ug with
multiplicities ng. If f: X — XB® is the natural map then take Aut(I, \)-invariants
in fu(Bx1 ® nr), the result is a complex denoted Bym () on XBK),

We should especially apply the above in the following case. Let A € AP?°. Write «; for
the set of generators of AP?*. Write A = 3. ;nja; with n; > 0. Then take I a set and
Ar - I — AL a map taking value a; precisely n; times. We get a map f : X - XA,
and XPWN S XA For this (I, \;) € Sares we get a complex By = Bymy on XA
They form a AP%*-factorization algebra in the first ‘nonrigorous’ sense of Section 2.2.

We convent that for A = 0 we have Byx = Qp on X* = Spec k.

APPENDIX A. LATER IDEAS

A.0.1. Consider any of our 4 sheaf theories given by a functor (Schy;)? — DGCateont,
S — Shv(S). Let g : X — Schy, be the cartesian fibration attached to this functor.
One considers the category 8, whose objects are finite non empty sets I, and morphisms
are surjections 7 : J — I. We have a functor { : 8°” — Schy; sending I to X I and 7
to the diagonal embedding A™: X1 — X,

Set Shv(X®) = Fun(8°, X) XFun(sor,Schy,) 16} S0, an object of this category is a
lifting 8”7 — X of the above functor 8 — Schy;. Informally, such lifting is given
for I € 8 by My:r € Sho(X?!), and for 7 : J — I by a map A™ Mys — My, in
Shv(X7). So, Shv(X?®) is an analog in the DG-world of the category denoted by M(X?®)
in ([1], Section 3.4.10). By ([3], 7.1), Shv(X?) is the oplax limit of the composition
8 — Sch?”? — DGCateons. In other words,

ft
23 Shv(X%) = li Fun((8 /)%, Shv( X!
(23) oX)F |t Fan((S)p)”, Sho(X"))
Since the projection DGCatcon: — 1 — Cat preserves limits, we may view the latter
limit as one in DGCateont, thus Sho(X3) € DGCateyy; naturally.

LAn example is given by A = E[1], where F is the AP°°-graded commutative algebra dual to the
cocommutative coalgebra U(n), here n is the unipotent radical of a Borel subalgebra of a reductive Lie
algebra.
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Let us precise that given a morphism 5 — « in Tw(8)° given by a diagram

o

I = T
{ )
J 5o

the transition functor in the above limit is the composition
(24) Fun((8,,)7, Shv(X7)) & Fan((8 /1), Shu(X7)) LN Fun((8 /), Shu(X1)),
where the first functor is the composition with (8,7)% — (8,;/)°, and the second one
is the composition with AU/D': Sho(X7) — Sho(XT) for aAU/D: XTI — X7,
Both functors in (24) admit left adjoints. Indeed, a’ is the left Kan extension along
(8/1)°" — (8,,:)°, and b" is the compostion with A!(J/I): Shv(XT) — Shv(X7).
Thus, we may pass to left adjoints in the above diagram Tw(8)?? — DGCatcons, and
get a functor Tw(8) — DGCateont, moreover we get
25 Sho(X®) = lim  Fun((8,;)%, Shv(X!
(25) v(X®) o S un((8,)%, Shv(X7)),
colimit taken in DGCatcopns.
For (I' — I) € Tw(8) the projection Shv(X®) — Fan((8 /)7, Shv(XT)) sends
f 8% — X to the following functor. First, { gives a map (8,7/)% — (Schft)X,//, SO
the compostion (8,7/)% — 8% — X extends to a functor (8,/)? — (Schft)Xp/ X Sch g, X-
The latter is composed with the map (Schft)Xp/ XSchy X — Shu(X!') given by the
I-pullback, and in turn with the !-pullback for a: X1 — X7

A.0.2. We have the embedding {*} — 8° given by the 1-element set, this is an initial
object of 8°P. Restriction to {*} yields a functor Shv(X?®) — Shv(X). This functor
preserves limits, and the two categories are presentable, so it admits a left adjoint.
This left adjoint sends M to the functor §? — 8, I —A, M for A: X — X! (defined
naturally on morphisms). Probably, this is a relative left Kan extension in the sense of
([13], Def. 4.3.2.2).

Let 8,, C 8 be the full subcategory of sets of order < n. We have the truncated
version Shu(X®) = Fun(87, X) X Fun(s3 Sch ;) 1&n}, Where &, is the composition 8;” —

8% 5 Schyy. Let
T+ Shu(X®) — Sho(X5")
be the restriction functor. It also admits a left adjoint L™, because it preserves limits.
This left adjoint should be given by the relative left Kan extension in the sense of ([13],
Def. 4.3.2.2). According to ([1], 3.4.10), it should be given by the formula: for F' €
Fun(8;7, X) lying in Shv(X5n), L™ (F) sends I € § to the pair (X!, My € Shv(X1)),
where 0
My = colim Ay Fyi,
X! (I—)J)E(Sap)/[XSOPSZP X7
the colimit taken in Shv(X!). The index category is precisely the one usually used
for the left Kan extension along 8;7 < 8°. In fact, L™ (F) should be the g-left Kan
extension of F': 87 — X along 8,7 — 8§°P.
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For this we need to check that for any I € 8, the diagram

S Box
{ AR
(SOp)/[ — SChft

is a g-colimit of Fy. Here (87) /1 := (8°P) /1 Xsor 831 -
As in the previous section, we may rewrite

h Xsn g 1 F Sn , op h XI
Shv(X°") > Demu(S)er un(((8n),1)%, Shv(X"))

as a colimit

Sho(X3) = li F $0) /1), Sho(X!
o(X) = colim - Fun((8,)11)", Sho(X")
obtained by passing to left adjoints. By ([10], Section 9.2.40), the functor L™ comes
from a compatible system of functors: for each (I’ — I) € Tw(8,,) the functor

ins : Fun(((8,),r), Sho(X1)) — Sho(X?),

which is the left adjoint to the projection ev : Shu(X®) — Fun(((85) /1), Shv(XT)).

We should have id =7, L™, so that L™ is fully fauthful. In turn, by ([11], Lemma 1.8.15),
Shv(X?®)/Shv(X5") identifies with the right orthogonal of Shv(X%") in Shv(X?®). This
right orthogonal is the fibre of m,.

From this we may derive that Shv(X®)/Shv(X®-1) is the category S,-equivariant
sheaves on X".

A.0.3. The appearance of Shu(X®) is related to the definition of Shv(Ran(X)) =
limyes Shv(XT). This limit identifies with a full subcategory of Shv(X?®) consisting of
those functors 8% — 8% X gcp,, X over 8 sending any arrow to a cartesian one, see
([10], 2.2.67).

Recall that the disjoint union of finite sets equips 8 with a symmetric monoidal struc-
ture, and ¢ is symmetric monoidal, where Sch; is equipped with the cartesian sylmmet-
ric monoidal structure. Now as in ([16], 5.15), one equips X with a symmetric monoidal
structure such that the projection X — Schy; is symmetric monoidal. Namely, for
(Sl,Ml), (SQ,MQ) € 8, where S; € SChft,Mi € Sh’U(Sl) we have (Sl,Ml) (%9 (SQ,MQ) =
(Sl X SQ,Ml X Mg)

So, we may also consider the category Fun® (87, X) of symmetric monoidal functors
from 8° to X, and similarly

Fun® (SOP, X) X Fun® (8°P,Sch ;) {5}

A.0.4. If C € CAlg(DGCatcont), on Fun(8°, C') we may define a symmetric monoidal
structure similar to the *-tensor structure on M(X®). Namely, for I € 8, M; €
Fun(8°,C) we let ® M; € Fun(8°, C) be the functor sending J to

iel

© (®(M;);)
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If J 5 J — I is a diagram in 8, for i € I we get 7; : J; — J!, hence maps (M;) g1 —
(M;) ;- Taking tensor product over I, we get ®;(M;);; — ®r(M;), ;. This gives a
natural map (® M;) ;» — (® M;) . Is it of any use???

I I

A.0.5. The category Shu(Rany) acts on Shu(X®) as in ([1], 3.4.10.6). Namely, we
may say for any (I' — I) € Tw(8), Fun((S/p)"p,Shv(XI)) is a category acted on
by Shv(Rany), namely, M € Shv(Ranx) sends f € Fun((8,,)?, Shu(X')) to the

functor (J — I') — f(J) ®' (i!X,M), here iys : X! — Ranx is the natural map.
The transition maps in the limit diagram (23) are maps of Shv(Ranx )-modules. Since
Shv(Rany) — mod(DGCateont) — DGCateon preserves limits, the limit (23) may be
understood in Shv(Ranx) — mod(DGCateopnt).

In the colimit system (25) the transition functors are also maps of Shv(Ranx)-
modules, so this colimit can also be understood in Shv(Rany) — mod(DGCatcont)-

Is Shv(X3®) a factorization category over Rany?
A.1. Relation to the notions from [14].

A.1.1. A pseudo-tensor category in the sense of [1] is precisely an co-operad O® — Fin,
such that O is a usual category.

Given pseudo-tensor categories M; for i € I, by [[, M; in ([1], 1.1.6 iv) they mean
the following. Let MZ® — Fin, be oc-operads. Then Hie[,/ Fin, M? is an oo-operad
also ([10], 3.0.9). Here the product is taken over Fin,.
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