1. AcTION OF § ® RI'(X) ON EISENSTEIN SERIES, ELEMENTARY DEFINITION

1.0.1. Let k be an algebraically closed field, G reductive connected over k, [G, G| simply-
connected, B C G a Borel, B~ C G opposite Borel, T' = BN B~ a maximal torus,
A coweights of T', A weights. Let AP be the Z,-span of positive coroots, AT be the
dominant weights.

For pn € AP°® we have the locally closed embedding j—, : Bung xX* — Bungp, it
is affine. Set Bunp -, = Bung xX*. Together they form a stratification of Bunp.
Here X* is the moduli scheme of AP°®-valued divisors on X of degree u. Denote by
p : Bunp — Bung the projection extending p : Bunp — Bung.

Let j>, : Bung x X* — Bunpg be the map sending (¥, F, k, D € X*) to (Fr(—D),F, k).
This is a finite map extending j—,.

Let Bunpg <, C Bunp be the open substack classifying (Fr,F, k) such that for any

A € AT the map K /JéT — Vé has zeros of total degree < (i, \). So,

(1) Bunp, <, = Uy <, Bunp =

Work in the usual setting of Qy-sheaves, £ is distinct from the characteristic of k. We
will repeat the construction of the action of § ® RI'(X,Qy) on X = py IC5z—_ from [3]
in more elementary terms.

Bunp

1.0.2. Let a be a simple coroot. By ([2], 1.12), one has

(2) s o ICsm, — IC[-1]

Note that X* = X. We need the following.

Proposition 1.0.3. Let « be a simple coroot. There is a unique morphism c : IC[—1] —
o ICgz;,. on Bung xX whose restriction to Bunp x X is the isomorphism (2).

Bunp

Proof. It is immediately reduced to Lemma 1.0.4 below. ]
Lemma 1.0.4. Let u € AP°°. There is a unique morphism ¢, : IC[—1] — j!za IC

- Bunp
on Bunp <, x X whose restriction to Bung xX is the isomorphism (2).

Set
gc = DRHOmmB7SH XX(IC[_ ] j>a ICBunB) _> R‘F (BunB <N/ XX IC ®-7>Dl ICBHI’IB)[ 1]

Set also
% = RD c(Bung x X, 1C®j%, [Cq ) [—1]
Lemma 1.0.4 is an immediate consequence of the following.

Lemma 1.0.5. Both X, JOC are placed in degrees < 0. The natural map f]OC — X induces
an isomorphism H°(X) — HO(X).

Proof. Calculate X via the stratification (1) of Bunpg <,. Denote by B(;) an element
of the free abelian semigroup generated by all positive coroots. For such 9B(u) we have
the finite map ig,,) : XBW) 5 XF as in [2]. Set
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This is a Qg-sheaf (placed in usual degree zero) on X*. By ([2], Cor. 4.7),
32, 108, — ICXDM,,

Bunpg

So, the *-restriction of IC ®j§a 1C —1] under Bunp x XH x X < Bunp <, x X

is

B |

Q¢[2 dim Bung] X (s" DM, @ (DM, X Qy))

Here s : X* x X® — X**2 is the sum map, and dim Bunp is a function of a connected
component of Bung. The contribution of the above stratum is the sum over pairs
B(u'), B(p' + ) of

RE(X B0 5 o (XB0 5 X, Q) (2| B() | +2 | B + ) ]

tensored by RI'.(Bunp, Q/)[2 dim Bunp]. Since dim X B +a) X el ta (X%W) x X)) <
| B(1' + ) |, the latter complex is placed in degrees < 0, and the inequality is strict
unless p/ = 0. We are done. U

1.0.6. By adjointness, the map ¢ of Proposition 1.0.3 yields a map also denoted c :
(j>a)t IC[—1] = ICxz . Pushing forward via p : Bunp — Bung, this yields a map

Bunp
(3) RI(X, Q/) ® pa ICs, — P+ 1055

This is the action of fi, ® RI'(X,Q;) C § ® RI'(X,Qy) on the Eisenstein series
P ICBun Here i is the Lie algebra of the unipotent radical of B, #i, is the root
subspace corresponding to . According to [3] and [4], these maps generate an action
of i ® RI'(X, Q).

The Verdier dual of (3) gives a map p,ICqy—
adjointness, this map yields a morphism

(4) RT(X, Q) ® pu ICqa

Bunpg

— p.ICx—= ®DRI(X,Q,). By

Bunpg Bunpg

= P ICx—=

Bunpg Bunpg

This is the action of 3~ ® RI'(X, Q) on p, ICx—
The action

(5) h ® RT(X, Q) — RHom (B gy, b IC,)

Bung-

is defined as follows. The algebra RI'(Bunr, Q,) acts on Q; on Bunt, hence by functo-
riality a map

RI'(Bunr, Q/) — RHom(p. 108, P+ ICx )

Pullback under the evaluation map X x Buny — B(T) gives a morphism of algebras
Sym(h[—2]) = RI'(B(T),Q¢) — RI'(X, Q) ® RI'(X, Bunr). Here b is Lie algebra of T
as a vector space over (Qy. The latter by adjointness gives a morphism

h[—2] ® DRI'(X, Q) — RI(X, Buny)

Since (DRI(X, Q,))[—2] = RI'(X,Q), we get a morphism h®RI'(X, Q,) — RI(X, Bunr),
hence also (5) as a composition.
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1.0.7. Write Bun%p for the component of Buny classifying F7 such that for any A,
(A, 5\> = det L)‘ . This gives Bun]\g,Bun)é and so on. The map j>, induces a map

BunB X XH — BunB
Write for brevity IC* for ICmA The object p, ICBun is A-graded, where the -
B

component is p, IC*. We see that (3) gives a map RI'(X, Qo) ® p. ICHM® — p, ICH
Similarly, (4) gives a map RT(X, Q) ® p, IC* — p, IC M2,

1.1. Let us generalize Proposition 1.0.3 to the case of any o € AP?5. By ([2], 4.7), one
has

(6) JCs— T ICKM,

Bunp
Prop051t10n 1.1.1. Let o € AP°®. There is a unique morphism ¢ : ICKM, —
o ICg . over Bunp x X extending (6).

Bunp

Take ;1 € AP, As above we extend this ¢ to Bung <, x X first. Set

X = DRHompgy - xa (ICEMa, b IO, ) =
ch(BunBSM XXa, (IC XM ) ® -7>a ICBunB)

Let also
X =RI(Bung x X%, (ICKM,) ® j2,1Cs5,)

Proof of Lemma 1.0.5 for any . Calculate X via the same stratification of Bunpg <.
Let p/ < pu, p/ € AP°S. The *-restriction of

(ICKM,) ® j50 105

Bunp
to Bung —,» X X“ = Bunp x X" x X becomes
Q¢[2 dim Bung| X (DM, K M,) ® s DM,r40)
Here s : X* x X® — X"+ is the sum map. The complex RI'.(Bung, Q)[2 dim Bunp]
is placed in degrees < 0. Let us show that RT.(X* x X, (DM, I My) @ s* DM, 4q)

is placed in degrees < 0, and in fact in degrees < —2 unless u/ = 0. The latter complex
is a sum over triples B(y), B(«), B(u' + «) of

RI((XPH) 5 XBOD) 0 XPEH) Q)2 | B(p') | +2] B + ) |

Since dim(X W) x XB@)) x oy, XBWH2) < 9B (4’ + a), the latter complex is placed
in degrees < 2, and actually in degrees < —2 unless y/ = 0. We are done. O

Proposition 1.1.1 is proved.

1.1.2. By adjointness, the map ¢ of Proposition 1.1.1 yields a morphism also denoted
t (J>a)i(ICKIM,) — ICq; .. Pushing forward via p : Bunp — Bung, this yields a
map

(7) RI(X® M) ® p IC5—

— p ICs—

Bunpg Bunpg
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1.1.3. If « is any, not necessarily simple, coroot of G, then there is a distinguished
element B(«) = a. For the corresponding map iB(a) : XB(@) 5 X we get the direct

summand RI'(X, Q) C RI(X% M,). Restricting (7) to this direct summand, we get
the action

(8) RT(X, Q) @ p1 ICx;, — P 1Ch;

of i, ® RI(X,Qy) on py ICsm,-
The Verdier dual of (8) gives a map p, [Cx—
adjointness, this map yields a morphism

RI(X, Q¢) ® p: 10k
This is the action of i~ ® RI'(X, Q) on p, ICx—

Bunpg

— p.1Cx— ®DRI'(X,Q). By

Bunp Bunp

= P ICx—=

Bunpg Bunp

Bunpg-

1.1.4. Question. Clarify the structure of @& RI'(X,M,), see [1].
acApos

2. AN ANALOG FOR A PARABOLIC P

2.1. Let M C G be a standard Levi corresponding to J5; C J, here J is the set of vertices
of the Dynkin diagram. We take P and P~ the corresponding standard parabolics with
Levi M, so that M = PN P~.

Write Ag p for the quotient of A by the Z-span of ;,i € Jps. Let Apos C Ag,p be
the Z-span of a;, 1 € J— Ty

For 0 € A’gﬁ % let X % be the scheme of A’g “»-valued divisors of degree # on X. For

9 € AY)%, we have the locally closed immersion jp,— : X% x Bunp — Bunp sending
(ghiﬂﬂﬁﬂ4bi;7ﬁvl) € )(9)

to (Farpar,my(— D) F, k). Set Bunp_p = X x Bunp. They form a stratification of Bunp
indexed by A¢;p. For 0 € AZp let

Jjp>6: X9 x Bunp < Bunp
be the map sending (Fps/(ar,a1), F> 5, D € X% to (Far 01y (—p)> F5 k). This is a finite
map extending jp—g.
Let Bunp <p C Bunp be the open substack classifying (Fas/ar,m, F, k) such that for
any A € Ag P NA* the map KA LA — Vﬁj\r has zeros of total degree < (6, A). So,

Ty,
Eﬁln = U Bunp_g.
p<o = J Bunp=p

2.2. Let u(P) denote the Lie algebra of the unipotent radical of P. For V € Rep(M)
write Vp for the direct summand of V' on which Z(M) acts by 6. Here Z(M) is the

center of M, it is connected because [M, M] is simply-connected.
Let © = {0 € Agp | u(P)g # 0}. Then © C A%, Let Z4O denote the free

abelian semigroup with base ©. The inclusion © C AP}, extends to a homomorphism
of semigroups Z4+© — A{yp. An element of Z © over § € Ag;"} is denoted by B(6) as in
[2]. We denote then by X2 the scheme of Z;©-valued divisors on X of degree B(6).
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The above homomorphism of semigroups yields a finite map ipp(g) : X BO) 5 X0
Recall that for § € ©, u(P)g is an irreducible M-module.

As in [2], we denote by Loc the functor from Z-graded vector spaces to sheaves on
Speck given by V +— @, V,,[—n] (we ignore Tate twists). For a Z-graded vector space
V, viewing Loc(V) as a constant complex on X, one gets the pure complex Loc(V )™
on X™ | these are Sy-invariants in sumy : Loc(V)¥" for sum : X" — X,

Let f € Lie M be the principal nilpotent defined in ([2], Section 7.1), for V € Rep(M)
the notation V/ = {v € V | fv = 0} is from loc.cit. The dual of V7 identifies with
(V) ={veV]ev=0}

We identify the dual of it(P) with ii(P~) as M-modules, the latter is the Lie algebra
of the unipotent radical of P~. Under this isomorphism, the dual of the direct summand
ii(P)g (resp., i(P)}) identifies with &(P~)_g (resp., i(P7) ).

2.2.1. For 6 € Ag’} denote by D(Mpy) the direct sum over B(0) = > nybp, of the
0m €O

direct images under ip g g) : XB0) 5 X9 of SBO)[2 ] B(6) |], where

20 = (, B (Toc((P)],)")

Let Mpg be the Verdier dual of D(Mpg). Given B(0) for 6 € AZp, set

2O = (|8, (Loc((P)%,) "))

So, Mpy—+ e(e)(ip,%(e)),s?(‘”. We used that D(S®?)= 5%@)[2 | 8(6) |]. The com-
B(O

plex SB® ig placed in usual degrees < 0.
By ([2], 7.2), for 6 € A/Y% one has

(Jp=0)"1Cg, = D(Mpp) X ICpunp

Bunp

and

(9) (jp.=p)" ICs, = Mpp) K ICBu,

Question 1. Let § € A%, Is it true that there is a natural morphism ¢ : (Mpy) X

ICs, — (jp>o)" ICqgy,, over X% x Bunp extending (9) over X% x Bunp?

Pick p € AZY%. As above, it suffices for this p to show that (9) extends naturally to
a morphism over X x Bunp<,. Set

K=D R,HOIDXG meyfﬂ (Mpﬂ X ICmP’ (jP,ZQ)! ICmP) —
RI(X? x Bunp,<,, Mpg R 1Cq; ) @ (jp>6) 105,

and

o

K = RI(X? x Bunp, (Mpy RIC) @ (jp>6)" ICm,.)



It is no longer true that X is placed in degrees < 0. The reason is that RHom(Mpg, Mpy)
is not placed in degrees > (0. This already happens in the example of Remark 2.2.2.
The same proof of of Lemma 1.0.5 does not work in this case.

False proof of Lemma 1.0.5 in this case. Calculate X via the stratification of Bunp <,
by Bunp,—,, i/ < pu. Let i/ € A’(’fjg with p' < 1. The #-restriction of (MppRICq; ) ®
(jp>0)*1Cg, to X9 x Bunp_, = X% x XH x Bunp is

Bunp
((MR@ X DMP,/L/) X S*DMR@JF“/) X Qg[? dim Bunp]

Here s : X? x X#* — X1 is the sum map. The complex RI'.(Bunp, Q,)[2 dim Bunp]
is placed in degrees < 0. Let us show that

RE(X% x X, (Mpy RDMp,s) @ s*DMp g )
is placed in degrees < 0. The latter complex is a sum over B(6), B (1), B(0 + 1) of
RT((X 2O XB0)x (e XBOH (P OpagB00)mgBO+10) [ |58 (1) | +2 | B(0+41) |
This is not true! The proof does not work. O

Remark 2.2.2. i) The sheaf T@(ﬁ(P)g) on Speck is placed in degrees < 0. Indeed,
for a sly-module V', VI is the space of lowest weight vectors in V.

i1) The sheaf Tm(ﬁ(P)g) on Speck is not always placed in one degree. For example,
take G = GLy, M the standard parabolic corresponding to the simple root es — ez, so
M= GLg x GLy. Let E = E1® E5 be the decomposition of the standard representation
E of G preserved by M. Then W(P) = E4 ® Ey is an irreducible M-module. Let oo =

eg — ez, let O be the image of a in Ag.p. Then u(P)g # 0, the center Z(M) acts on
W(P) by 6. The subspace ﬁ(P)g is 2-dimensional. One gets T%(ﬁ(P)£)3@g[2] @ Q.
iii) The sheaf Lioc(ﬁ(P)g) on Spec k may be placed in degrees < 0. For example, take
n > 2, G = Spiny,,, and P the preimage of the Siegel parabolic of SQs,,. The Lie algebra
is Lie M =5 gl,,. Let E be the standard representation of Lie M. Then i(P)—= A E.
Denote by V™ the m+ 1-dimensional irreducible representation of sla. As a representa-
tion of principal sly of Lie M becomes i(P) = A2V 1 S V2n=4Ly2n=8 1 gccording
to (5], ex. 11.31). It contains V° iff n is even. So, for n odd, Tm(ﬁ(P)g) is placed in
degrees < 0.

2.2.3. One is tempted to do the following. Assume for simplicity P is a maximal
parabolic, and « is the unique simple coroot which is not a coroot of M. Let 6 be the
image of a in A% Assume also © = {¢}. For any u € Ay, now B(u) denotes the
unique partition of u, and ¢ PB(u) XBM) 5 XH s an isomorphism.

Let m > 0 be the lowest degree such that H™(Loc((P~)¢,) # 0. Equivalently, —m

is the top cohomological degree of m(ﬁ(P)g ). Then X? = X, and Mpy contains the
direct summand

My = H™ (ST [—m]

This is a constant sheaf on X placed in the usual degree m.
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Proposition 2.2.4. There is a unique morphism c : M%ﬂ XICqg, — (jp>0)" ICam,

over X% x Bunp extending the composition
My RIC:  — (Mpg) RICE:, — (jp0) ICkm,,
over X? x Bunp.

Pick any p € Apos Set

K = DRHom (M RICEG ., (jp6) ICEm,) =

Bunp

RIo(X? x Bunp,<,, (Mpy B 1CE: ) © (jp>0)" 1ICh,)

><Bunp7<u

and

o

X = RI(X? x Bunp, (M, K1IC) ® (jp6)* ICqa,) =
D RHom x6 gy, (Mp g KM IC, Mpy K IC)

Proof of Proposition 2.2.4. We check that the analog of Lemma 1.0.5 holds in this case.
Calculate X via the stratification of Bunp,<, by Bunp_,/, pf/ < p. Let i/ € ApOP with
i < p. The *-restriction of

(Mpp ®ICE,) © (jp>0)" ICha,
to X% x Bunp_,, = X0 x X+ x Bunp is
((M%g X ]D)Mpyul) & S*DMP79+M/) X Qg[Q dim Bunp]

Here s : X? x X* — X%+ is the sum map. The complex RI'.(Bunp, Q;)[2 dim Bunp]
is placed in degrees < 0. Let us show that

RIO(XY x X*, (M%) RDMp,) @ s"DMp o)

is placed in degrees < 0, and actually in degrees < —2 unless ¢/ = 0. The latter complex
is

RI(X? x X¥, (M B SP0)) @ s*SBO))[2 B (1) | +2 | B(6 + 1) |
If / =176 then | B(u') |=1r,| B + 1') |= r + 1, and the latter complex is placed in
usual degrees < —2rm — 2r. We are done. O

2.2.5. By adjointness, the map ¢ from Proposition 2.2.4 yields a morphism also denoted

c:(jp, g)uMP(, X1Cgyg, — ICqy,- Pushing forward via p : Bunp — Bung, this yields
a morphism
(10) RI(X, Mpy) ® ps ICe, = 1« 1Cgm,

For 1 € Ag,p let Bun)y, denote the component cassifying Fys such that the induced
M/[M, M]-torsor is of degree u. Let Bun’fg,mé be the corresponding components.
Write ICH for ICB—HH; . View p,ICg; as Ag p-graded, where the p-component is
p ICH. Then (10) gives a map

RT(X, M%) ® p, IC#H0 — p, ICH

Bunp
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