T-3: TUTORIAL ON THE FUNCTOR OF WEAK INVARIANTS

JAMES TAO

1. INTRODUCTION

Let G be a finite group, and let k be a field of characteristic zero. The group algebra k[G] admits two
mutually dual Hopf algebra structures. In the first case, thinking of k[G] as functions on G, one defines the
multiplication

Funct(G, k) ® Funct(G, k) ~ Funct(G x G, k) — Funct(G, k)
to be (f1 - f2)(9) = f1(g) f2(g), which can be thought of as pointwise multiplication or pullback along
A : G — G x G. One defines the comultiplication

Funct(G, k) — Funct(G x G, k)

to be (Af)(g1,92) = f(g192), which is pullback along the multiplication map m : G x G — G. The antipode
is given by s(f)(g) = f(g!). In this way, the coalgebra structure captures the group multiplication. Given
a k-vector space V, making V' a G-representation is equivalent to making V' a k[G]-comodule, for the above
Hopf algebra structure on k[G].

In the second case, thinking of k[G] as distributions on G, one defines the multiplication
Dist(G x G, k) — Dist(G, k)
to be pushforward along the multiplication map m : G x G — G. One defines the comultiplication
Dist(G, k) — Dist(G x G, k)

to be pushforward along the diagonal map A : G — G x G. The antipode is given by pushforward along the
inversion map s : G — (. Here, it is the algebra structure that captures the group multiplication. Given
a k-vector space V, making V' a G-representation is also equivalent to making V a k[G]-module, for this
second Hopf algebra structure on k[G].

Furthermore, the two Hopf algebra structures are exchanged by the self-duality k[G]Y ~ k[G] induced
by the canonical basis {e,},ec of k[G]. Let k[G]"2t and k[G]¥5 denote the first and second Hopf algebra
structures, respectively. To go from a k[G]f"“*-comodule structure on V to a k[G]4*-module structure, one
applies duality:

act : k[G]Y' @V -V & coact: V — k[G]" ' @ V.

Now we shall think of G-representations as modules over k[G]4t. The trivial representation, denoted k,

is one example. For any G-representation V, we have V& = Homg(k, V) by definition. We can also define

coinvariants Vg = k ® V. When G is finite, Maschke’s theorem implies that invariants and coinvariants
k[G]

coincide. When G is compact and V is a finite-dimensional real or complex vector space, Weyl’s unitary
trick also proves semisimplicity, from which it follows that invariants and coinvariants coincide.

In these notes, we pursue categorical analogues of these constructions. In order to replace vector spaces
by categories, we also need to replace functions and distributions on G by categories of sheaves on G. (The
totality of all vector spaces is a particular category, just as the totality of all functions — or all distributions
— is a particular sheaf.) Our main goal will be statements to the effect that ‘invariants equal coinvariants,’
but we shall also do some explicit computations of invariants and coinvariants for categorical representations
of geometric origin, i.e. those that arise from a geometric action of a group G on a scheme X.

The following analogies will help guide our expectations:
1
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algebraic geometry set theory
finite type schemes finite sets
schemes profinite sets
ind-schemes of ind-finite type discrete sets
ind-schemes locally profinite sets

We remark that locally profinite sets are also called ¢-spaces and td-spaces. The precise interpretation is
that, if X is a finite type scheme defined over SpecF,, then X (FF,) is a finite set, and similarly for the other
rows. The particular case of schemes and profinite sets follows from the fact that any k-algebra is the colimit
of its finitely-generated k-algebras, for any field k.

In particular, let G be an affine algebraic group of finite type. Then G[t] is a scheme of infinite type and
G((t)) is an ind-scheme not of ind-finite type. In accordance with the analogy, if G is defined over SpecZ,
then G(F,) is a finite group, G(Z,) is a profinite group, and G(Q,,) is a locally profinite group.

We will be able to prove that invariants and coinvariants coincide for finite type group schemes (analogous
to finite groups) and even for a fairly general class of group schemes not of finite type (analogous to profinite
groups, which are compact). We will also succeed for G((t)) where G is reductive, but the method doesn’t
generalize to other ind-pro groups. Notably, it fails for N((t)).

The organization and content of these notes closely follows the first half of [2].

2. ACTIONS BY FINITE TYPE GROUPS

2.1. Definitions. Let G be an affine group scheme of finite type. Since we are in characteristic zero, G
is smooth. Let A : G — G x G be the diagonal map, let m : G x G — G be the multiplication map, let
t : G — G be the inversion map, and let p : G — pt be the projection.

2.1.1. Hopf algebras. The usual monoidal structure on QCoh(G) is defined by A*. This upgrades to a Hopf
algebra structure, with comultiplication given by m* and antipode given by ¢*. The existence of the antipode
is necessary for the proof of Proposition The validity of this Hopf algebra structure follows from the
group axioms for G.

Applying naive duality for QCoh(G), we obtain a different Hopf algebra structure: the multiplication
is given by m, and is called the convolution monoidal structure, the comultiplication is given by A,, and
antipode is still given by ¢*.

Since this is a functorial assignment of a Hopf algebra object in DGCat for each group scheme, and since
p is a map of group schemes, we obtain that p, : QCoh(G) — Vect respects the Hopf algebra structures. In
particular, Vect is a module for QCoh(G) with the convolution monoidal structure. The result of acting on
V € Vect by F € QCoh(G) is T'(G, F)® V.

Analogous constructions are valid in the setting of D-modules. The category D(G) admits two mutually
dual Hopf algebra structures, one given by (D(G),A',m',1) and another given by (D(G),m., Ay, t). As
before, p. : D(G) — Vect is a map of Hopf algebras, and Vect is a module for D(G) with the convolution
monoidal structure, and the action of M € D(G) is tensor by T'yr(G, M).

2.1.2. Weak and strong actions. Let C € DGCat. By definition, a weak G-action on C is an action
by QCoh(G) with the convolution monoidal structure. Therefore, the category of weak G-modules is
QCoh(G)-mod. Similarly, the category of strong G-modules is D(G)-mod. These are often denoted
G-mod" and G-mod, respectively.

Upon carrying out the same definitions for more general group prestacks G, one may say that a strong
action by G is the same as a weak action by Ggr. Therefore, results about weak actions which are proven in
sufficient generality also apply to strong actions.
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2.1.3. Invariants and coinvariants. Let C € QCoh(G)-mod. We define the categories of invariants and
coinvariants as follows:

cow = Homqcon(a) (Vect, C)

Cogw=Vect ® C.
QCoh(G)

Similarly, if C € D(G)-mod, then define
€% = Homp(g)(Vect,C)

Co =Vect ® C.
D(G)

These assignments are functorial in C, so we get functors
inv®* coinv®* : QCoh(G)-mod = DGCat
inv®, coinv® : D(G)-mod = DGCat

To carry out computations, it is convenient to use the fact that relative Homs are defined as totalizations
and relative tensors as geometric realizations. Here is one example:

Lemma 2.1.4. Let X be a prestack with G-action. Then QCoh(X) is a QCoh(G)-module, and QCoh(X)EW ~
QCoh(X/G). The assignment

X ~ QCoh(X) € QCoh(G)-mod
is functorial with respect to x-pushforward and pullback along G-equivariant maps. Analogous statements
hold for D(X) and D(G).

Proof. The quotient prestack X' /G is the geometric realization in the category of prestacks of the simplicial
system
CAXGXXZExX X
Applying QCoh with x-pullbacks, we obtain a cosimplicial system whose terms are
QCoh(G*™ x X) ~ QCoh(G)®" ® QCoh(X),

where the equivalence follows because G is a scheme of finite type. Examining the transition maps shows that
this is exactly a (QCoh(G), m*)-comodule structure on QCoh(X'). Applying duality, we get a (QCoh(G), m.)-
module structure on QCoh(X).

By flat descent, QCoh(X/G) is the totalization of the above cosimplicial system. On the other hand,
Homgcon(a) (Vect, QCoh(X')) is the totalization of the cosimplicial system

Hom(Vect, QCoh(X)) = Hom(QCoh(G), QCoh(X)) = Hom(QCoh(G) ® QCoh(G), QCoh(X)) - - -
obtained from (QCoh(G), m.). Applying duality, we have
Hom(QCoh(G)®™, QCoh(X)) ~ QCoh(G)®" @ QCoh(X),
and this cosimplicial system coincides with the previous one. (]
Corollary 2.1.5. (i) We have
Endgcon(a)(Vect) ~ Rep(G)
Endgep(a)(Vect) ~ QCoh(G),

so that Vect is a bimodule for QCoh(G) and Rep(G).
(ii) The functor inv® ™ factors as follows:

,w,enh

QCoh(G)-mod EEL\ SN Rep(G)-mod

\ J{Oblv
G,w

DGCat

An analogous statement holds for coinv®™
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(iii) We have an adjoint pair
rec : Rep(G)-mod = QCoh(G)-mod : inv® ™"

where rec = Vect ® —.
Rep(G)

Proof. The first equation follows from Lemma [2.1.4f upon taking X = pt. The second equation follows from
the self-duality of Vect € Rep(G)-mod and the fibered diagram

G —— pt

L

pt —— pt/G

Point (ii) follows immediately from (i). Point (iii) is tensor-Hom adjunction for the bimodule Vect. O

2.1.6. Averaging and projection. Let C € QCoh(G)-mod. Applying the functors Homgcong)(—,C) and

— ® C to the adjunction
QCoh(G)

p* : Vect = QCoh(G) : p.
gives the adjunctions
oblv® ¥ : cGw = ¢ . AvEw
(pre)* :Caw = C i prg

Applying Lemma to the map p : G — pt which is equivariant under the action of G x G, we obtain
that p* and p, are both maps of QCoh(G)-bimodules. Therefore, all four functors defined above are maps
of QCoh(G)-modules, where QCoh(G) acts trivially on C&* and Cg 4.

Let £ € DGCat. By tensor-Hom adjunction for Vect as a (Vect, QCoh(G))-bimodule, we have
(1) Hom(Cg,w, €) ~ Homgeon(a)(C, triv(€)),

where triv(£) is £ equipped with the trivial QCoh(G)-action. Setting & = C%", we obtain from the functor
AvE Y a functor
0G.w(C) : Caw — CE™.
This is functorial in C, so we get a natural transformation
0w : coinv® ™ — inv&
We have entirely similar constructions for D(G) in place of QCoh(G). In making the definitions, we

continue to use p* : Vect — D(G) rather than p' : Vect — D(G). The former is defined since G is smooth.
In particular, we get a natural transformation 6.

2.2. Sheaves of categories on classifying prestacks. The following proposition says that C € QCoh(G)-mod
can be recovered from C%", which is surprising because the analogous statement for ordinary representations
of GG is false. The discrepancy arises because BG is 1-affine but not 0O-affine.

The proposition also says that the datum of C is equivalent to the datum of a sheaf of categories on BG,
but this is not surprising: one categorical level down, it corresponds to the fact that a G-representation on
a vector space is equivalent to a quasicoherent sheaf on BG.

Proposition 2.2.1. We have a commuting diagram of equivalences:

ShvCat(BG)

F(pt% wv—)

QCoh(G)-mod Rep(G)-mod

invG,w,enh
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Proof. This follows from 10.2 of [3] and the fact that BG is 1l-affine, cf. Theorem 2.3.7 in [2]. We shall
indicate the main ideas.

Let B*G denote the simplicial system
G xG EE G = pt,
so that BG is its geometric realization in the category of prestacks. By descent, we have
ShvCat(BG) ~ Tot(ShvCat(B*G)).

Since each G*™ is 1-affine, this is also Tot(QCoh(B*G)-mod).

Appendix E of [3] proves a general result about Hopf algebra objects which implies the existence of an
equivalence making the following diagram commute:

QCoh(G)-comod = Tot(co-Bar®(QCoh(G))-mod)
m evo
DGCat

By definition, the functor evy extracts the underlying co-Bar’(QCoh(G))-mod term of the compatible sys-
tem. Since QCoh(G)®" ~ QCoh(G*™), we have

co-Bar®*(QCoh(G)) ~ QCoh(B*G).
Since the self-duality of QCoh(G) exchanges the standard and convolution monoidal structures, we have
(QCoh(G), m*)-comod ~ (QCoh(G), m.)-mod .
Putting these facts together, we conclude that
ShvCat(BG) ~ QCoh(G)-mod,

with the rightward functor being given by I'(pt, —) at the level of the underlying DG category. It is straight-
forward to check that I'(pt, —) identifies the symmetric monoidal structures of its source and target.

On the other hand, the functor I'( BG, —) is an equivalence because BG is 1-affine. Moreover, this functor
is representable:

I'(BG, —) ~ Homgpycat(a) (QCOh g, —).

Under I'(pt, —), the sheaf QCoh g goes to Vect € QCoh(G)-mod. This shows that the triangle with

inVG,w,enh G,w,enh

commutes, So inv is an equivalence. Then rec, being the left adjoint, is also an equivalence,
and the triangle with rec commutes. O

Corollary 2.2.2. For p: BG — pt, we have a commuting diagram of adjoint pairs

ShvCat(BG) LA Gl B QCoh(G)-mod

COl‘eSpT lcourld trlvT l

DGCat DGCat

G,w

Furthermore, the functor coinv is left adjoint to triv.

Proof. Since coind,, is just I'(BG, —), the square involving the right adjoints commutes by Propositionm
Since the horizontal maps are equivalences, commutativity is preserved when passing to left adjoints. The
last statement is equation . O



6 JAMES TAO

2.3. Invariants equal coinvariants — weak actions.

Proposition 2.3.1. The functor ¢, is a natural equivalence.

Proof. The functor coinv®® = Vect ®  — is colimit-preserving. The functor inv®*
QCoh(G)
while not obviously colimit-preserving, can be seen to be so by using Proposition and the fact that the

forgetful functor Rep(G)-mod — DGCat preserves limits and colimits.

= HomQCoh(G’) (Vect, 7),

Therefore, in order to show that 8¢ ,(C) : Cow — C% " is an equivalence, we may realize C as the colimit
of a diagram whose terms are all QCoh(G), and thereby reduce to the case C = QCoh(G). But

QCoh(G)gw =Vect ®@ QCoh(G) ~ Vect

QCoh(@)
and QCoh(G)%™ ~ QCoh(pt) by Lemma [2.1.4 O
Corollary 2.3.2. (i) We have
Vect ®  Vect ~ Rep(G)
QCoh(@)
Vect ® Vect ~ QCoh(G).
Rep(G)

(i) Vect is self-dual in QCoh(G)-mod and Rep(G)-mod.

Proof. The first equation follows from Corollary [2.1.5(i) and Proposition [2.3.1}

Vect ®  Vect ~ Homgcon(q)(Vect, Vect) ~ Rep(G).
QCoh(G)

The second equation was proven in the course of proving Corollary i).
To show (ii), we use the results of We make substitutions as follows:

T pt/G
lq equals lq
X2y pt —— pt/G

Point (i) states exactly that the conclusion of Proposition holds. Since g is the identity map, it satisfies
base change against any map, so Proposition applies, and (ii) follows. |

2.4. Convolution monoidal structures. In doing computations and proofs with specific modules, there
are essentially only two tools available to us: results stating that invariants equal coinvariants, and diagram
chasing. In this section, we carry out the diagram chasing arguments in a very general setting. What is
important is not the results themselves but rather their proofs, which are very formal and rely only on base
change and adjunction properties. We shall apply the results in whatever settings allow their proofs to go
through. For example, ‘proper’ is needed only to ensure that x-pushforward is left adjoint to !-pullback, so
weaker hypotheses such as ‘ind-inf-proper’ would also suffice.

In this section, p: X — Y is a map of prestacks, and A : X — X x X is the diagonal map.

A helpful example to keep in mind is when Y = pt and X is a disjoint union of finitely many points.
Then, if X consists of n points, a sheaf on X is just an n-tuple of vector spaces. Upon decategorifying
by replacing each vector space by a real number (corresponding to its ‘dimension’), the monoidal category
IndCoh(X xy X) is just the algebra of n x n matrices, IndCoh(X) is just the space of length-n column
vectors, and so on. All of the statements in this section have analogues for ordinary matrices.
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2.4.1. The Cech nerve construction gives a groupoid X* /Y which looks like
X xy X xy X 3 X xy X = X,

where the maps are all given by appropriate projections. For any T'— Y, the relative space X xy T — X
acquires an action by this groupoid, in the sense that we have a map of simplicial objects where all the
squares are fibered:

Xxy X xyT —= X xy T

| |

XxYXﬁX

2.4.2.  Applying the functor of IndCoh(—) with #-pushforward covariance to the diagram X*/Y endows
IndCoh(X xy X) € IndCoh(X)-bimod

with the structure of algebra object with respect to the usual monoidal structure on IndCoh(X)-bimod.
Since the forgetful functor

oblv : IndCoh(X)-bimod — DGCat

is right lax monoidal, we obtain a monoidal structure on IndCoh(X xy X)), which is the convolution monoidal
structure. Concretely, the multiplication map is given by pull-push along this correspondence:

(X xy X) x (X xy X)

‘Wid

XXyXXyX

X Xy X
Given a map T'— Y, the action of X*/Y on X xy T'— X endows
IndCoh(X xy T') € IndCoh(X)-mod

with the structure of module over IndCoh(X xy X). By similar reasoning as above, we may forget the
IndCoh(X)-module structures and obtain the analogous statement for the underlying DG categories.

The left and right IndCoh(X xy X)-actions on IndCoh(X) are intertwined by the monoidal equivalence
IndCoh(X xy X) ~ IndCoh(X xy X)rev-mult
given by the switching map ¢ : X xy X — X xy X.

Pushforward along the diagonal map Ax/y : X — X xy X induces a monoidal functor Ax y . :
IndCoh(X) — IndCoh(X xy X). The left and right IndCoh(X)-actions on IndCoh(X xy X) are simply
given by restricting the left and right multiplication actions on IndCoh(X xy X) along Ax/y ..

Lemma 2.4.3. Let O be a monoidal category, and let f : B — A be a map of algebra objects therein. Let
M and N be right and left modules for A. Restricting along f, they are also right and left modules for B.
The two simplicial systems

MRIARSABMIMOAIN S MN
and
MOIARAIMIBIMOIAIN S MON
B B B B B B
have equivalent geometric realizations.

Proof. Let R1 and Ry denote the two geometric realizations. There is a map R; — Ro induced from the
termwise maps

M®A®N—>MQ§A%N.



8 JAMES TAO

There is also a map Ro — R, defined as follows. First, expand the second simplicial system into a bigger
diagram by expressing each relative tensor over B as a colimit. Each term in the bigger diagram looks like

M) @ ()N
where each (7) is either B or A. Via the maps f and id4, each such term maps to a corresponding term
MA@ AN

in the first simplicial system. This gives a natural transformation from the bigger diagram to the first
simplicial system, and taking colimits gives the desired map Ro — R;.

These two maps are mutually inverse, and the result follows. (Il

Proposition 2.4.4. Assume that p is proper. For any two maps Ty —Y and Ty — Y, we have

IndCoh(T7 xy X) ® IndCoh(X xy T) ~ IndCoh(7T7 xy T»).
IndCoh(X xy X)

Proof. Pulling back along X*/Y — Y, the map T; xy To — Y gives rise to the following simplicial system,
denoted T7 Xy X*® Xy T5, where all the squares are fibered:

Tl XyXXyXXyTQ:ng XyXXyTQ

| |

X xy X ¢ X

Each horizontal map is base-changed from p : X — Y and is proper by assumption. Therefore, for each
horizontal map, *-pushforward is left adjoint to !-pullback.
By descent, we have
IHdCOh(Tl Xy Tg) ~ TOt(IHdCOh(Tl Xy X Xy TQ))

where the transition maps for the cosimplicial system are given by !-pullback.

On the other hand, by Lemma the LHS is the geometric realization of the simplicial system

IndCoh(7h xy X) ® IndCoh(X xy X) ®  IndCoh(X xy T3)
IndCoh(X) IndCoh(X)

= IndCoh(T1 Xy X) & IndCoh(X Xy Tg)
IndCoh(X)

Under the equivalences
IndCoh(T1 Xy X) ® IndCoh(X Xy TQ) ~ IndCoh(T1 Xy X Xy Tg)

IndCoh(X)
IndCOh(Tl Xy X) X IndCOh(X Xy X) ® IndCOh(X Xy TQ) ~ IHdCOh(T1 Xy X Xy X Xy Tg),
IndCoh(X) IndCoh(X)

and so on, this simplicial system is exactly
Real(lndCoh(Tl Xy X* Xy Tg))

where the transition maps are given by *-pushforward (because the multiplication on IndCoh(X xy X) and
action on IndCoh(X xy T') relative to IndCoh(X) were both defined via p,). Now the result follows from
Proposition 2.5.7 in [5], which says that, under appropriate hypotheses, a limit of a system of categories is
equivalent to a colimit of the system obtained by passing to the left adjoints. O

Proposition 2.4.5. Let q: T — Y be a map, and assume that

(i) The conclusion of Proposition holds for Ty =Ty, =T.
(ii) The diagonal map Apyy T — T xy T belongs to a class of maps Py which is closed under pullback.
(iti) The diagonal map Ar : T — T x T belongs to a class of maps Po which is closed under pullback.
(iv) The base change property is satisfied for x-pushforward along morphisms in Py and !-pullback along
morphisms in Ps.

Then IndCoh(T xy X) and IndCoh(X xy T') are mutually dual as IndCoh(X xy X)-modules.
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Proof. We will explicitly construct the duality datum

Vect — IndCoh(T xy X) ® IndCoh(X xy T)
IndCoh(X xy X)

IndCoh(X xy T) ® IndCoh(T xy X) — IndCoh(X xy X).
By assumption (i), we have

IndCoh(T xy X) ® IndCoh(X xy T') ~ IndCoh(T xy T
IndCoh (X Xy X)

To construct the unit map, let 7w : T" — pt be the projection, and do pull-push along this correspondence:
pt
™
T
T Xy T
For the counit, do pull-push along this correspondence:

(X xy T)x (T xy X)

W’I‘Xid

XXyTXyX

Aid

X Xy X
It is straightforward to check that this respects the left and right actions by IndCoh(X xy X).

To check that this defines a valid duality datum, consider the following iterated correspondence, where
the square is fibered:

X XyT
W
(X xyT)xT
/ id xAp
id XAr,y
(X xy T) x (T xy T) X xy T
id x A xid /
idXAr,y
X XyT XyT

Axid

X Xy T
The outer correspondence is the identity, so the result follows from base change for the fibered square, which
uses the assumptions (ii), (iii), and (iv). O

Proposition 2.4.6. Let q: T — Y be a map, and assume that

(i) The conclusion of Proposition|2.4.4 holds for Ty =Ty =T.
(ii) The conclusion of Proposition|2.4.5 holds.

Then
Endlndcoh(XXYX)(IndCoh(X Xy T)) ~ IHdCOh(T Xy T)

as monoidal categories.
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Proof. By the assumptions (i) and (ii), we have

Endinacon(x xy x)(IndCoh(X xy T')) ~ IndCoh(T' xy X) ® IndCoh(X xy T)
IndCoh(X xy X)

~ IndCoh(T xy X).

It is straightforward to check the compatibility of the monoidal structures. |

The following result deserves mention because it implies that HCh(G) is rigid and D(G[¢t]\G((¢))/G[t]) is
semi-rigid. But we will not need it for establishing that various module categories are self-dual since we can
do that directly with Proposition |2.4.5

Theorem 2.4.7. Assume that p is proper and A : X — X x X is smooth. Then IndCoh(X xy X) is
semi-rigid. If moreover x-pushforward along Ax,y : X — X xy X is quasi-proper, then IndCoh(X xy X)
is rigid.

Proof. The first statement is Theorem 6.2 of [I], but we provide a different proof.

The multiplication map is push-pull along this correspondence
X Xy X x X xy X
(X

XXyXXyX

%

X Xy X
sending M XN to pry;, A' (MR N). Since pry4 is base-changed from p, it is proper, so its right adjoint is
pri;. Since A is base-changed from the diagonal map of X it is smooth, so its right adjoint is A,[2dim X].

Therefore, the right adjoint of the multiplication map is A, pr!13[2 dim X]. This functor is continuous by
definition.

To complete the proof, we need to show that this right adjoint mult?® is a map of D(X xy X)-bimodule
categories. In other words, we need to give canonical identifications

(2) mult (M 8 mult?(N)) ~ mult? (mult(M K N))

and similarly for the right action. To this end, consider the iterated correspondence

(X xy X) x (X xy X)

f

XXyXXyX

Prys PTi24

X Xy X X Xy X Xy X xy X

PTy3 %

XXyXXyX

A

\

(X xy X) x (X xy X)

where the square is fibered. Iterated push-pull along the two small correspondences therefore coincides with
push-pull along the big (outer) correspondence. By definition, the iterated push-pull coincides with the RHS
of shifted by 2dim X:

mult® (mult(M K N)) ~ A, pri, DIy, A'(M R N)[2dim X].
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Next, consider the iterated correspondence

(X XyX) (X XyX

(X xy X) x (X><yX><yX

(X xy X) x (X xy X) x (X xy X) X xy X xy X xyv X

XXYXXyX) (XXyX

(X XyX) (X XyX

where the square is fibered. Again, iterated push-pull coincides with push-pull along the outer correspon-
dence. By definition, the iterated push-pull coincides with the LHS of shifted by 2dim X:

mult (M B mult®(N)) =~ (pry; x id). (A x id)'(id xA), (id x pry3)' (M K N)[2 dim X].
But the two outer correspondences are the same, and the result follows.
For the second statement, the unit is given by push-pull along
X

/X/Y

XXyX

pt

Since we are using IndCoh, Ox = 7"k is compact. Now if Ax/y,, sends compacts to compacts, we obtain
that the unit is compact, so the category is rigid. O

2.5. Harish-Chandra bimodules. Having proven in Proposition [2.3.1] that weak G invariants and coin-
variants coincide, we now pursue the analogous statement for strong G-actions. We shall bootstrap from the
case of weak G-actions: given C € D(G)-mod, we explain how to compute C given C%* as a module over
HCh(G), see Proposition The reason why the strategy of bootstrapping from weak to strong actions
works is that the ‘discrepancy’ is given by pt/G — pt/Gar, and this map is inf-proper. The same principle,
applied to the ind-proper map pt/G[t] — pt/G((t)), will allow us to bootstrap in an analogous way from
strong G[t]-actions to strong G((t)) actions, see Lemma

2.5.1. In the setting of Section [2.4] we make substitutions as follows:

pt T
J{q equals lq
pt/G —2— pt/Gar X 25y

We define
HCh(G) := IndCoh(X Xy X) ~ IndCoh(G\Gar/G),
with the convolution monoidal structure. According to [2.4.2]
Rep(G) ~ IndCoh(X)

is a module for HCh(G), and we have a monoidal functor Rep(G) — HCh(G) given by #-pushforward along
the map pt/G ~ G\G/G — G\Gar/G. It should be mentioned at this point that the convolution monoidal
structure on Rep(G) defined via its realization as QCoh(G\G/G) coincides with the standard one.
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On the other side, we have

D(G) ~ IndCoh(T xy T)
where the convolution monoidal structures on both sides are identified. This time,
Vect >~ IndCoh(T)

is a module for D(G), and we have a monoidal functor Vect — D(G) given by *-pushforward along pt — Ggg.

Furthermore, we define

g-mod := IndCoh(X xy T) ~ IndCoh(G\Gg4r) ~ IndCoh(pt/G7),

where the last equivalence follows from the exact sequence G7 — G — Ggr. From we see that g-mod
is a bialgebra for HCh(G) and D(G).

The D(G)-action on g-mod restricts to an action by QCoh(G). By Lemma applied to IndCoh in
place of QCoh, we have

g-mod®" ~ IndCoh(G\Gar /G)

~ HCh(G).
Deequivariantization, i.e. the statement that rec is inverse to inv® ™ gives
(3) Vect ® HCh(G) ~ g-mod.

Rep(G)

2.5.2.  We seek to render the results of 2.4 to the present setting.
Proposition 2.5.3. (i) We have

gmod ® g-mod=~D(G)
HCh(G)

Rep(G) ® g-mod =~ Vect
HCh(G)

Rep(G) ® Rep(G) ~ D(pt/G)
HCh(G)

(i) g-mod and Rep(G) are self-dual in HCh(G)-mod.
(11i) We have

Endycn(g) (g-mod) ~ D(G)
Endycn)(Rep(G)) ~ D(pt/G).

(iv) HCh(G) is rigid.
Proof. (i) follows from Proposition [2.4.4] which applies because p : pt/G — pt/Ggr is inf-proper.

For (ii), we check the hypotheses of Proposition m The case of g-mod corresponds to 7" = pt, in
which case Ar is the identity, so the desired base change property holds. The case of Rep(G) corresponds
to T'= pt/Ggr, in which case Ag/y is the identity, so the desired base change property still holds.

In view of Proposition [2.4.6] (iii) follows from (i) and (ii).
(iv) follows from Proposition since p is inf-proper and pt/G has smooth diagonal. O

Next, we focus on D(G)-actions, so we reverse the roles of X and T.
Proposition 2.5.4. Let C € D(G)-mod. We have

Homp(g)(g-mod,C) ~ CEV ~ Caw~gmod ® C
D(G)
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Proof. Lemma applied to X = Gqg tells us that
g-mod = IndCoh(G\G4r) ~ D(G)“"™.

Since weak invariants and coinvariants coincide, this is also D(G)g.w = D(G) ®  Vect. Now
QCoh(G)

Cgw=Vect ® C

QCoh(G)
~Vect ® DG @ C
QCoh(Q) D(G)
~g-mod ® C.
D(G)

For the other equivalence, apply tensor-Hom adjunction to D(G) viewed as a bimodule for D(G) and
QCoh(G):
Cov ~ Homqcon(a) (Vect, C)
=~ Homqcon(a) (Vect, Homp ) (D(G),C))

~ Homp(g(Vect ®@ D(G),C)
QCoh(G)

~ Homp g (g-mod, C). O

Proposition 2.5.5. (i) We have
g-mod ® g-mod ~ HCh(G)
D(G)

g-mod ® Vect ~ Rep(G).
D(G)

(i) g-mod is self-dual in D(G)-mod.
(iii) We have Endp g (g-mod) ~ HCh(G).

Proof. (i) follows from Proposition [2.5.4]

For T = pt/G and X = pt, (i) verifies the conclusion of Proposition Therefore, in order to apply
Proposition we need only observe that Ar : pt/G — pt/G x pt/G is affine, so the base change property
is satisfied. The conclusion is that g-mod is self-dual.

Using Proposition [2.4.6} (iii) follows from (i) and (ii). O

For sake of completeness, we mention at this point the following result, even though the proof relies on
the fact that strong invariants and coinvariants coincide.

Corollary 2.5.6. We have

Vect ® Vect ~ Endp(g)(Vect) ~ D(pt/G),
D(G)

and Vect is self-dual in D(G)-mod.

Proof, assuming Proposition[2.6.3 The first equivalence follows from the fact that strong invariants and
coinvariants coincide. The second equivalence follows from the D-module analogue of Lemma [2.1.4l The
composition of the two equivalences verifies the conclusion of Proposition in the D-module setting, for
X =pt, Y =pt/G and T} = T5 =Y. Then Proposition applies because A7,y is the identity map, so
the requisite base change property holds. Therefore Vect is self-dual in D(G)-mod. ([l
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Proposition 2.5.7. In the following diagram of adjoint pairs, all four squares commute:

— ® g-mod
HCh(G)

HCh(G)-mod D(G)-mod

Homp(g)(g-mod,—)

ind | |res ind | |res

Rep(G)-mod — QCoh(G)-mod

invG,w ,enh

Proof. Proposition implies that the square involving res and Hom commutes (up to a natural iso-
morphism). To check that the square involving res and ® commutes (up to a natural isomorphism), let
N € HCh(G)-mod. Using (@), we have

N ® gmod~N ® HCh(G) ® Vect
HCh(G) HCh(G) Rep(G)

~N ® Vect.
Rep(G)

That the upper horizontal maps are equivalences follows from Lemma [2.5.8] applied to A = D(G),
B = HCh(G), and N = M = g-mod. The requisite facts about duality and endomorphisms follow from

Propositions and

We deduce the commutativity of the remaining two squares (involving ind rather than res) by passing to
left adjoints. U

Lemma 2.5.8. Let O be a monoidal category, and let A, B be algebra objects in O. Let
M € (A, B)-bimod
N € (B, A)-bimod
such that M and N are mutually dual as A-modules and as B-modules. Furthermore, assume that
Ends(M)~ B
Endp(M) ~ A.
Then the adjoint functors

M®p—
A-mod &———— B-mod
HOmA(M,—)

are actually equivalences.

Proof. For () € B-mod, the unit map is
Q — HOIDA(M,M ®B Q)
This is an equivalence because it coincides with the composition

Q~B®pQ
~ Homu (M, M) ®p Q
~ Homa(M,M ®5 Q)

where the last equivalence uses that M is dualizable in A-mod.
Similarly, for P € A-mod, the counit map is

M ®p Hom (M, P) — P.
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This is an equivalence because it coincides with the composition
M ®p Homa(M,P)~M g N®4 P
~ Homp(M, M) ®4 P
~A®y P
~ P,
where we have used that N is dual to M both in A-mod and in B-mod. (|

2.6. Invariants equal coinvariants — strong actions. The following lemma says that it is Rep(G),
viewed as a bimodule for HCh(G) and Rep(G), that takes us from weak invariants to strong invariants. One
could formulate an analogous result in the generality of Section involving IndCoh(X) in place of Rep(G)
and IndCoh(X xy X) in place of HCh(G). Rather than pursue this generalization, we merely remark that
Lemma is another special case.

Lemma 2.6.1. We have
CY ~ Homyycn(e) (Rep(G), Homp(g) (g-mod, C))

Cc~Rep(G) ® g-mod ® C.
HCh(G) D(G)

Proof. By tensor-Hom adjunction applied to g-mod as a bimodule for D(G) and HCh(G), we have

Hompcn(a)(Rep(G), Homp(g) (g-mod, C)) ~ Homp ) (Rep(G) HC(}}?(G) g-mod, C).

Therefore, both equations follow from Proposition i). O

The following result is Theorem 2.3.12 of [2].
Proposition 2.6.2. The functor 0¢ is a natural equivalence.
Proof. We have

Cc~Rep(G) ® gmod ® C
HCh(G) D(G)
= Rep(G) Y CG,w
HCh(G)
~ Homycn () (Rep(G), Ca,w)
~ Homycp(g) (Rep(G),C9)
~ CC

by Lemma and the self-duality of Rep(G) established in Proposition ii). This is functorial in C

so it gives a natural equivalence inv® ~ coinv®. In particular, the former commutes with colimits since the
latter does.

Now one needs to check that this equivalence coincides with 8(C). But the fact that both sides commute
with colimits allows us to reduce to the case C = D(G), which is straightforward. ]

3. ACTIONS BY IND-PRO-GROUPS

In the remaining part of these notes, we indicate the necessary modifications needed to define the action
of more general group prestacks on a category. We shall work exclusively in the setting of strong actions,
i.e. with D-modules, and we will prove ‘invariants equal coinvariants’ statements for G[t] and G((t)), see
Corollary and Proposition respectively. Our method of proof for G[t] generalizes immediately
to pro-groups which are of the form G x N where G is finite type and N is pro-unipotent. The argument
in this generality is carried out in Section 4.2 of [2], and the key idea is that pro-unipotent groups are
cohomologically contractible. The latter fact is why these proofs rely on using D-modules rather than, say,
ind-coherent sheaves.
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However, the method of proof for G((t)) does not readily generalize to other ind-pro-groups, because it
specifically relies on the fact that G((t))/G[¢] is ind-proper. In particular, it is not true that ‘invariants
equal coinvariants” for N((t)) when N is unipotent. Therefore, it is all the more remarkable that Whittaker
invariants and coinvariants do coincide.

3.1. Definitions.

3.1.1. Hopf algebras. There is a good theory of D-modules on infinite-dimensional schemes, developed in [6].
To any prestack ), one assigns two categories D'()) and D*()). The category D'())) is contravariant in )
under !-pullback, and D*(}) is covariant in ) under *-pushforward. So we have functors

D' : PreStk°? — DGCat
D* : PreStk — DGCat.

In the case that Y = G is a group ind-pro-scheme, e.g. G((t)), with multiplication map m : G x G — G and
diagonal map A, we have that D*(G) is a Hopf algebra with multiplication m, and comultiplication A,
and D'(G) is a Hopf algebra with multiplication A' and comultiplication m'. One uses the fact that G is an
ind-pro-scheme to show that D*(G*") ~ D*(G)®", see Lemma 3.4.5 in [2].

When Verdier duality applies, it says that D*()) is dual to D'()), so that *-pushforward and !-pullback
correspond to one another. Here, this means that the two Hopf algebra structures are exchanged under
duality.

3.1.2. Strong actions. For a category C € DGCat, the datum of a strong G-action on C is defined to be an
action of the monoidal category D*(G). The category of modules for D*(G) is denoted D*(G)-mod, or just
Gg-mod.

3.1.3. Invariants and coinvariants. The map p : G — pt is a map of group prestacks, so it induces a monoidal
functor p. : D*(G) — Vect. In particular, we have the trivial representation Vect € D*(G)-mod, and we can
define the functors of invariants and coinvariants in analogy with the finite type case:

inv9 = Homp- (g)(Vect, —)

coinvy = Vect ® —.
D*(9)

Since p, is also a map of D*(G)-modules, for C € D*(G)-mod, we obtain functors
oblv¥ : C9 = ¢
prg : C — Cg.
Unfortunately, the functors Avf and (prg)L fail to generalize to the present setting, since p, need not

admit a left adjoint. Proposition 6.18.1 from [6] does not apply because G — pt is not, in general, placid.
In particular, G((t)) — pt is not placid.

However, G[t] — pt is placid, and in this case p. does admit a left adjoint p*, so the functors AVS[M] and
pr 0 exist in this setting. e same is true whenever G is a pro-algebraic group.

GMLd ist in this setting. Th is t h Gi lgebraic g

For general G, equation continues to hold, so we obtain a natural transformation 6g : coinv? — invY.

Remark 3.1.4. There is in general no analogue of Proposition in the ind-infinite type setting. To
identify IndCoh(G)-modules with sheaves of categories over BG, we need to know that Locg is fully faithful,
see 10.1.1 of [3]. In addition, to identify sheaves of categories over BG with IndCoh(pt/G), we would need
to know that pt/G is l-affine. This fails for G = G((¢)), in which case IndCoh(pt/G((t))) =~ Vect.
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3.2. Invariants equal coinvariants for G[t].

Lemma 3.2.1. (i) Let N be a pro-unipotent group scheme, not necessarily of finite type. Then oblv?
and (pry)¥ are fully faithful. Therefore CN is a colocalization of C.
(i) The functor Oy is a natural equivalence.

Proof. When N is pro-unipotent, the counit map p,p* — Idvect is an equivalence. This is essentially because
N is an iterated extension of copies of A' and is therefore contractible. This step fails in the setting of weak
actions, since it is true for de Rham pushforward of D-modules but not s-pushforward of (quasi or ind)
coherent sheaves. The unit of the adjunction (oblv’Y, AvY) is obtained from the counit for (p,p*), so it is
an equivalence. Likewise for the counit of the adjunction ((pry )%, pry). This proves (i).

For (i), pry o oblv" provides an inverse, cf. Theorem 4.3.2 from [2]. O

Corollary 3.2.2. The functor Ogpy is a natural equivalence.

Proof. Let G C G[t] be the first congruence subgroup. Since G; is pro-unipotent, for C € D*(G[t])-mod,
Lemma[3.2.1] tells us that C“t ~ Cg,. According to Lemma 2.3.14 of [2], C“* has an action by G = G[t]/G1
so that CEll ~ (C%1 )% and similarly for coinvariants. Therefore, the result follows from the fact that
invariants and coinvariants for G coincide. O

3.3. Realization via actions by finite type groups. The purpose of this section is to explain a few
corollaries of Lemma [3.2.1] all to the effect that strong invariance with respect to a unipotent group is
a property rather than extra data. The idea, as always, is to use the fact that unipotent groups are
cohomologically contractible, i.e. the de Rham pushforward Tqr (NN, —) is a colocalization.

Let N be a pro-unipotent group scheme, not necessarily of finite type. This means that we can find a
chain
---CN,C---CN,CN=N,y
of normal subgroups of N such that each N/Nj is finite type and N = colimy Ny = limy N/Nj. Given

C € N-mod, we have functors
AV*Ni/Nj - CNi = eNi: oblyNi/Ni

for i < j. Since N;/N; is unipotent, oblvVi/Ni ig fully faithful, so C'Vi is a colocalization of CNi.
Proposition 3.3.1. We have
C~ colim CVi~ lim CN.

oblvNi/Nj AviVi/Nj
Proof. First, for i < j, let p;; : N/N; — N/N; and p;, : N — N/N; be the quotient maps, so that

D*(N) ~ lim D(N/N;).

Dij,*

Let §; € D*(N) denote the skyscraper at the identity of N. We claim that ¢; ~ colim; p}p; .01. Indeed, for

another M € D*(N), a compatible system of maps p}p; .61 — M is equivalent to a compatible system of
maps p; «01 — p; M, and the latter is exactly Hom(d1, M) by the construction of categorical limits.

Now, let ¢ € C be any object. Since the action functor
*:DN)®C—=C
is continuous, the functor — x ¢ preserves colimits, so we have
c~d1xc
~ coliim(pprJl *C)
~ oblv™i (Av™i(c)).
In other words, each object c is the colimit in C of its projections to each full subcategory CV.

At this point, it follows formally that C ~ colim; C"¢. Indeed, given a compatible system of functors
F; : CNi — & for some other £ € DGCat, we get a functor

Fo:C =€
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where C' = |J;2, CVi is a full subcategory of C which is not closed under colimits. Then, we define F': C — &
as LKE¢/,¢. This is forced by the requirements that F' be continuous and that it agrees with F; on each
full subcategory C:.

For any ¢ € C, we have a functor N — C which sends i — oblv(Avi(¢)). Since this functor is cofinal for
C' < C, we have F(c) ~ colim; oblv(Av"i(¢)). In particular, the restriction of F to each full subcategory
CNi does indeed agree with F;. This completes the proof that C ~ colim; CVi.

Since the inclusions oblv™i/Mi ; ¢Ni < CNi are left adjoints, by Proposition 2.5.7 in [5], we may replace
the colimit by a limit over the right adjoints Aviv i/ Ni and the result follows. O

Let G; be the i-th congruence subgroup of G[t], so that Gy = G[t]. In what follows, restrict to 4,j > 1
so that G; is pro-unipotent. For ¢ < j, we have functors

invGi/% = coinv® /% . D(G[t]/G;)-mod — D(G[t]/G;)-mod,

as well as
inv% = coinv® : D(G[t])-mod — D(G[t]/G;)-mod .

Corollary 3.3.2. These functors yield an equivalence

D(G[t])-mod ~ 11?1 D(G[t]/G;)-mod.

Proof. The functors inv® yield a map

D(G[#])-mod — lim D(G[t]/G:)-mod..

This assigns to each C € D(G[t])-mod the system C% € D(G[t]/G;)-mod compatible under the functors
invGi/Gi
inv .

To define the inverse map, suppose we are given a compatible system C; € D(G[t]/G;)-mod. We obtain
the D(G)-module

C:= colim C;~ lim C;,
oblv&i/ AvCi/Ci

5

where the limit and colimit are evaluated in DGCat.

Proposition tells us that one composition is an equivalence. To check the other composition, let C
be as defined in the previous paragraph, and observe that C%: ~ C; as full subcategories of C, since each oblv
is fully faithful (each G; is pro-unipotent). |

Just for fun, here is a result along a similar theme:

Proposition 3.3.3. Let G be an ind-pro-group and let N C G be a mormal pro-unipotent subgroup. We
have an adjunction

inv" : D(G)-mod = D(G/N)-mod : res.

Furthermore, res is fully faithful, so this is a colocalization.

Proof. The functor res is restriction along the colocalization p, : D(G) — D(G/N), which is monoidal for the
convolution monoidal structures. Let C € D(G)-mod and £ € D(G/N)-mod. First, since N is pro-nilpotent,
invariants and coinvariants coincide, so
Vect ® D(G) ~D(G)N
D(N)
~ D(G/N)
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by a variant of Lemma[2.1.4] Next, applying tensor-Hom adjunction for D(G) as a (D(G), D(NN))-bimodule,
we obtain
cN = Homypny (Vect, C)
~ Homp(n)(Vect, Homp () (D(G),C))
~ Homp g (Vect ® D(G),C)
D(N)

~ Homp)(D(G/N),C).

Now, applying tensor-Hom adjunction for D(G/N) as a bimodule for D(G) and D(G/N), we obtain
HOmD(G/N)(E,CN) ~ HOInD(G)(E ® D(G/N),C)
D(G/N)

~ Homp ) (€,C).
This proves the adjunction.

To finish the proof, we need to show that the counit map is an equivalence. This follows from a slightly
more general statement: for & € DGCat, equipped with the trivial N-action, the functor

oblvV : N — €

is an equivalence. Indeed, since this functor is fully faithful, we need only show that it is essentially surjective.
Now, for any object e € £, we have

Avi(e) =p ke

~ppk®e
~e
where p : N — pt denotes the projection, and * denotes the (trivial) action of D(N) on £. (Il
3.4. Invariants equal coinvariants for G((t)).
3.4.1.  We apply [2.4] with substitutions as follows:
T pt
J{q equals J{q
X 2oy pt/Glt] —— pt/G(1)

In addition, we work in the setting of D-modules rather than IndCoh.
We have
D(X xy X) ~ D(G[I]\G(®)/G[t])
D(T xy T) = D(G(1)
with the convolution monoidal structures on both sides. We also have the bimodule
D(T xy X) = D(G(#)/GIt]) ~ D(Gro).
Lemma 3.4.2. For C € D(G((t)))-mod, we have
CM =~ Homp(g(sy) (D(G(1)/GI1]), C)
Com ~DED)/CH) | & C.

Proof. Since invariants and coinvariants for G[t] coincide,

Vect — ® D(G(1)) = D(G(t))
D(GI)

=~ D(G(®)/GtD)-



20 JAMES TAO

Now tensor-Hom adjunction gives
e = Homop gy (Vect, C)
~ HomD(G[[t]]) (Vect, HomD(G((t))) ('D(C;((t)))7 C))

~ Hom Vect ® G(1t)),C
D) ( .. (®).0)

~ Homp () (D(G(1)/G[t]), C)

Similarly,
CG[t]]:VQCt ® C
D(GD
~Vect ® D(G(t)) ©® C
D(GLD D(G(®))
t)/Gt ® C. g
)/ [H])D(G«t)))

Lemma 3.4.3. For C € D(G((t)))-mod, we have

cPE®) ~ HomD(G[[t]]\G((t))/G[t]] (D(pt/G[t]),cClT)

c ) =~ D(pt/G[t]) Capn-
p(a(#)) = D(pt/G[t) D(G[[t]]\c«t»/G[[tﬂ) at

Proof. First, we claim that
D(pt/Gt ® D(G((t)/Gt]) ~ Vect.
E) e DG()/G)

This follow from the D-module version of Proposition with the following substitutions: X — Y is
pt/G[t] — pt/G(¢t), Ty = pt/G((t)), and T, = pt. The proposition applies because pt/G[t] — pt/G((t)) is
ind-proper.

Next, we use Lemma|3.4.2|along with tensor-Hom adjunction for D(G((t))/G[t]) as a bimodule for D(G((t)))
and D(G[tI\G(¢))/G[t]):

Homp i a(ry/cr) (Pot/GIt]), CEMY ~ Homp pp aqry/ara) (P(0t/GIH]), Homp sy (D(G(1) /GIH). C))

~—

~ Hom (D(pt/Glt]) ® D(G((t)/G[t]).C)
P DGING(1)/CTHD)
~ HOInD(G((t))) (Vect, C).
Similarly,
D(pt/G[t]) ® cCll ~ D(pt/Gt]) ® DG)/GIt]) © ¢
I D(CI\G(t)/Clt]) I D(CII\G(t)/CIt]) I D(G(t)
~Vect ® C. O
D(G(t))

Lemma 3.4.4. (1) D(G(t)/G[t]) is self-dual in D(G[t]\G((t))/G[t])-mod.
(i) D(G[EI\G(t)/Gt]) is semi-rigid.

Proof. (i) follows from Proposition Note that Proposition applies since pt/G[t] — pt/G((t)) is
ind-proper. The base change property holds because T' = pt so A is the identity.

(ii) follows from Theorem since pt/G[t] — pt/G((t)) is ind-proper and pt/G((t)) has placid diagonal.
|

Proposition 3.4.5. The functor Og(y) is a natural equivalence.

Proof. By Lemma i), Lemma and the fact that invariants and coinvariants coincide for G[t], we
have
CM) ~ Homp ey cp (P(pt/GlH), €)

~ D(pt/Gt C
(pt/ [H])D(G[[t]]\G((t))/G[[t]]) ot

~ Ca(t)-
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This is functorial in C so it gives a natural equivalence invE®) ~ coinv® @), To check that this equivalence

coincides with f¢ ), one emulates the proof of Proposition W O
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